WARDROP’S THIRD PRINCIPLE
Urban Traffic Congestion and Traffic Policy

By David J. Holden*

PROLOGUE

In October 1967 Reuben Smeed delivered his inaugural address as Professor of
Traffic Studies at University College London (Smeed, 1968), under the title
“Traffic Studies and Urban Congestion”. In his introduction, he stated:

The feeling that something should be done to mitigate the harmful effects of
motor vehicles is almost universal, but the opinions on what should be done
are wildly conflicting. There are groups in our society who would like to
travel everywhere by car, there are other groups who believe that nobody
should be allowed to travel by private transport — at any rate in our larger
towns — and there are groups with every variety of view in between.

Using some techniques he had initiated in Smeed (1961), following the pioneering
work of Wardrop (1952), he showed that the amount of car traffic that could
possibly enter a town centre, such as London, in the peak hour was far less than
the demand for movement. He went on:

This raises the question: why has not traffic in our cities been brought to a
standstill already? We have had serious congestion in almost all of the major
cities of the world for many years. Yet the number of licensed motor
vehicles has continued to increase without the traffic coming to a stop,
except on rare occasions. The reason is clear. It is hardly to be expected that
people would come to the outskirts of a city (centre), stay there for some
hours and then go home again, on a large number of occasions. It is much
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more likely that they would change their home or workplace, travel by train
instead of car or bus, or stay at home. Thus the amount of traffic adjusts
itself to a barely tolerable speed. It is worth while considering the mechanism
of this adjustment.

He concluded:

The result of all the choices that people make is that traffic adjusts itself to
the available capacity and that there is an oscillation about an equilibrium
speed.

Smeed then went on to consider what effects an improvement in vehicle design
and in the amount of road space would have, and concluded that

- Since there are advantages in having a much shorter peak travel period than
two hours, and since there is a great deal of pent-up demand for more road
travel facilities in our larger towns, a conceivable result of quite a consider-
able improvement in vehicles and in road building might well be the same
speeds as we have now.

Thomson (1968a,b), in his study of the value of traffic management in London,
had concluded that all that had been achieved was to increase capacity and
correspondingly to increase journey lengths on the road without increasing
the door-to-door straight line or airline speeds (or, in the term preferred here,
the direct speeds). Though this was disputed by Ridley and Turner (1968),
Thomson (1968c) maintained his position. He also showed that the reliability of
journey times had if anything been reduced by the traffic management measures.
Thomson concluded that to increase capacity for the car was not a viable solution
to the problem of congestion in London.

Vickery (1967) introduced his paper on the optimisation of traffic and facilities
by stating:

There are probably few areas in modern economic society where conditions
are as far from ideal as in the congested traffic and transportation facilities
of our great modern metropolitan conurbations. This is equally true in the
short run, in terms of making the best use of the facilities we have, and in
the longer run, in terms of the appropriateness of the facilities for current
and projected traffic needs. This relative inefficiency can be attributed in
large measure to the fact that the individual user, faced with alternative
ways of achieving his objectives, does not, under existing conditions, receive
any obvious indication of the costs which his choice will impose on others,
whether by impairment of the quality of service or by the cost of expanding
the facilities to the point where this impairment is prevented.

He went on to argue that, if optimum congestion tolls were charged, the motorist
might well choose “to use mass transit, to join an auto pool, to make the trip at
a less congested time, or to use a less congested but perhaps more circuitous
route”. ,

His most important point was as follows:
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To begin with it is perhaps worth observing that sometimes a facility becomes
worthless precisely because it is free. For example, where a high-speed or
short-cut facility of limited capacity has as an alternative a more circuitous
or slower route with ample capacity, free operation may mean that a queue
builds up during heavy demand periods at the access to the faster facility
until the time required for queueing and transit is equal to the transit time
by the circuitous route; under these circumstances no-one is able to make
the trip any faster than if the faster route did not exist. Enlargement of the
faster route may be a complete waste of money unless the route is enlarged
sufficiently to take care of all traffic that might offer.

Though this argument is couched in terms of roads alone, its terms make it clear
(though Vickery did not make this point) that, when a mass transit facility
provides the more circuitous or slower route with ample capacity, building roads
will simply shift travellers from rail to road until travel times and costs are equal
again.

A later paper (Vickery, 1969) is noteworthy for its specification of the time-
varying tolls that should be charged if it were desired to eliminate congestion at
a bottle-neck during a peak period, when the facility was overloaded and queues
formed.

It can thus be seen that in the first issues of this Journal, and in other journals
of the late sixties, a substantial body of opinion believed that congestion could
be tackled by appropriate disincentives to use of cars and incentives to use of
public transport, which would, as a result, make average journey speeds faster.
It could not be tackled by building more roads or increasing road capacities.

Nevertheless, more roads in cities have been built, and road capacities have
been increased, and congestion is still with us at much the same levels as before.
This paper will therefore explore an alternative way of looking at the problem of
traffic congestion, derived from general systems theory, to see if this alternative
approach can be used to persuade people, and particularly policy-makers, of the
validity of the arguments outlined above.

1. INTRODUCTION

Since equilibrium analysis is the theoretical foundation for quantitative projections
of future traffic demand, we must look carefully at our models of urban transport
equilibrium to see what hidden assumptions lead to the apparently mistaken
conclusion that congestion can be relieved by increasing road system capacity.
But what is “equilibrium”? The wide range of scientific applications of the
equilibrium concept is evident even from a brief historical survey.

We shall suggest that the notion of steady state (von Bertalanffy, 1968, p. 149)
can be useful in broadening our conception of transport system equilibrium.
Attempts at such a reformulation of equilibrium may help to point a way out
of the impasse in which transport theory seems to find itself with respect to the
problems posed by urban traffic congestion, generated traffic and related matters.
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The construction of mathematical models and computer programs for use in
transport planning applications has so far been almost entirely based on the
concept of static equilibrium, derived from deterministic assumptions about the
behaviour of individuals.

Of course, static models have provided many insights, and will continue to
furnish a valuable guide to many aspects of transport system behaviour. But we
must also recognise that the assumptions made in the classical framework of
analysis impose certain limitations on the explanatory power of the resulting
families of models.

A major aim of the discussion which follows, therefore, is to draw attention
to the role played by the following assumptions in urban transport system
modelling:

(a) time-homogeneous demand;
(b) absence of fluctuations in network behaviour;
(c) perfect information available to travellers.

These assumptions constitute the core of the classical framework of analysis
for urban transport equilibrium. The classical approach assumes that statistical
variations and diurnal change can be averaged out without any serious loss in
verisimilitude. This is not an unreasonable assumption, purely on a priori grounds.
But it may lead to important mis-specification in some circumstances. The most
important problem concerns the nature of the averages around which observed
values of speeds, flows, modal shares, etc., are observed to fluctuate.

The fact that we can measure these average properties at all is an important
feature of system behaviour which is all too easily taken for granted. It is then
an easy step to the assumption that the ‘“causal structure” of the system consists
of relations between these idealised (average) values, which are identified as the
outputs of a micro-deterministic equilibrium model.

There is an alternative approach, however, which arose historically through the
development of models of large systems (ensembles) in physical and chemical
theories of atomic and molecular behaviour. In such studies, the macroscopic
causal properties of systems are expressed as mathematical relations between
functions of state. This approach became known as thermodynamics, while the
attempt to relate thermodynamical properties to the state-space of the micro-
ensemble gave rise to statistical mechanics.

Despite the essentially static and micro-deterministic nature of most current
transport models, probabilistic ideas related to statistical mechanics already
exert considerable influence on certain aspects of transport theory. In modal
choice theory, for example, the idea of random utility (Domencich and
McFadden, 1975, McFadden, 1980) has rapidly gained prestige.

But it is in the theory of trip distribution that the influence has been felt most
profoundly. This is not accidental. Any theory of trip distribution is faced with
the fact that its data are spatially stochastic. It follows that the appropriate
mathematical object for theoretically defining a trip distribution is not a con-
tinuous function but a measure-preserving transformation, while the study of
the properties of measure-preserving transformations constitutes the domain of
ergodic theory (Halmos, 1956). The concept of maximum entropy, now familiar
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to transport theoreticians, is closely connected with the typical state of a system
whose behaviour is defined by an ergodic transformation. The technique of
constrained entropy maximisation was successfully employed in trip distribution
theory by Wilson (1967, 1970), who was explicitly importing ideas from statistical
mechanics.

Ideas related to statistical mechanics have also been introduced in the theo-
retical study of traffic flow, for example by Prigogine (1961), Herman and
Ardekani (1984), and a “thermodynamical” approach to urban traffic flow was
presented in the “two-fluid” model of Herman and Prigogine (1979).

In the theory of traffic assignment, however, the main line of development is
rooted in the static equilibrium model of Beckman et al. (1956). This ingenious
theory is based on a particular mathematical interpretation of Wardrop’s (1952)
first principle. The system behaviour is described in terms of an (artificially
constructed) Lagrangian function of state; this allows the existence of a unique
solution to be deduced by the application of the well-known theorem of Kuhn
and Tucker (1951).

Even in the theory of traffic assignment, however, the concept of entropy has
begun to exert an influence. We may cite two examples: first the important work
of Evans (1973a, 1973b, 1976), combining the distribution and assignment stages
for a model of car travel on a network; secondly an elegant extension of the -
classical Lagrangian formulation due to Fisk (1980), showing that the Beckman
equilibrium is merely a limiting case of an entire family of solutions for which a
parameter controls the relative influence of driver time minimisation and random-
ness (route choice entropy). This model is closely related to the question of route
choice uncertainty, discussed later in this paper.

In the remainder of the paper I shall argue that this trend towards ideas related
to statistical mechanics and general systems theory indicates the most fruitful
direction for theoretical advance in the modelling of urban transport systems.
Apart from the attempt to provide illustrative examples of the kind of approach
required, I shall argue that Wardrop’s original approach is quite compatible with
the concept of statistical equilibrium, and that it has been a mistake to identify
“Wardrop’s principle” with the particular form in which it has served as the basis
of the classical theory of assignment. To give the whole discussion an explicit
orientation towards important practical issues, Mogridge’s hypothesis concerning
equilibrium between road and rail speeds has been used as a point of reference
throughout.

Mogridge has suggested that the observed “equilibrium” can be explained in
terms of a generalisation of Wardrop’s principle to take into account the modal
choice between road and rail. The argument of opponents of this view has been
that no suitable generalisation of Wardrop’s principle can be found. This objection
has some force if attention is restricted to the classical framework. But the main
thesis asserted here is that (a) Mogridge’s suggestion becomes much more reason-
able in a broader framework incorporating the concepts of statistical mechanics
and general systems theory, and (b) the search for such a generalisation of
Wardrop’s principle, as suggested by Mogridge, is likely to be a fruitful avenue
for theoretical advance in transport modelling generally. Moreover, much of the
groundwork has already been done by previous writers.
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(A (B)

FIGURE 1la
Hypothetical Road and Rail Links Connecting Two Places A and B

2. MOGRIDGE’S HYPOTHESIS AND THE DOWNS-THOMSON PARADOX

Mogridge’s hypothesis is based on the following empirical generalisation, which in
itself constitutes a significant and unexpected fact:

(M1) For trip origins at any particular distance from the centre of London,
peak hour journey times by car and rail to central destinations are equal.

A detailed discussion of the evidence for this statement will be found in Mogridge
et al. (1987). Mogridge noted that both Downs (1962) and Thomson (1977) had
advanced arguments, based on general considerations of urban transport equi-
librium, which might be interpreted as having implied just such an equality
between road and rail speeds. He has since noted that Suchorzewski (1973,
1976) and Olszewski and Suchorzewski (1987) have also implied this equality.

The nature of the arguments can be appreciated most easily in the context of
a very simple model, in which a single origin and destination are joined by a road
link and a rail link. In Figure 1a travellers between A and B may choose between
rail and car. The journey time by rail is assumed fixed, for reasons discussed in a
later section, whereas the travel time on the road link increases with the number
of vehicles using the road, according to the standard speed/flow relationship.
Under certain further assumptions, the modal split is determined uniquely by
the meeting of the two travel time curves shown in Figure 1b.

Since these assumptions may be regarded as approximately satisfied in the
more general case of commuter travel to a conurbation centre like London, it
may be argued that the empirically observed similarity of speeds (M1) is not
accidental, but is the consequence of a generalised form of Wardrop’s principle
of driver route choice. This operates where there is suppressed demand for car
travel. Thus we have reasonable grounds for expecting that (M1) will continue
to be true in the future. This, essentially, is what has come to be known as
“Mogridge’s hypothesis” (Bly et al., 1987).

Despite the apparently innocuous nature of these arguments, the further
development of the same line of reasoning leads to a conclusion with which
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FIGURE 1b

Equilibrium Travel Time and Road Flow Determined by
Meeting Point of Road and Rail Production Functions

certain transport planners have felt uncomfortable. Let us return to the simple
model of Figure la. Suppose the capacity of the road link is increased. This
allows a greater number of vehicles to be carried at any particular speed, thus
shifting the equilibrium as shown in Figure 2a. More travellers use cars and fewer
travel by rail, but the speed remains exactly as before. This was, as was noted
above, Vickery’s point, though he stated it explicitly in terms of two roads, one
high-speed but of limited capacity and the other low-speed but of ample capacity;
and it follows directly from the work of Pigou (1920) and Knight (1924).
However, the rail operator now receives less revenue, and therefore must
increase fares and cut service levels in order to balance his budget while continuing
to meet the statutorily imposed operating criterion (for example, maximising
passenger kilometres). Thus the final situation is as shown in Figure 2b, where
the dashed curves represent the result of increased road capacity and the public
transport operator’s response. Here, still more passengers have switched to cars,
but the equilibrium has shifted to a longer journey time. Thus everybody is
worse off than before. This could be avoided by increasing subsidy, but that
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Shift of Equilibrium from E 1 to E, Induced by an Increase in Capacity of the Road Link
Note that the Equilibrium Travel Time remains unaltered but the modal share of road is
increased at the expense of rail (assuming total demand for the two modes has not changed).

would simply transfer the disbenefit to some other sector of the economy. This
unexpected conclusion has been called the “Downs-Thomson paradox’’ in honour
of the pioneering work of these earlier investigators (Mogridge et al, 1987).

At the very least, the arguments leading to the Downs-Thomson paradox imply
that conventional procedures for evaluating the economic consequences of road
investment are likely to produce quite unrealistic answers in a city like London,
where a significant fraction of peak traffic is carried on an extensive rail network.

Given the serious implications of Mogridge’s hypothesis for the evaluation of
major infrastructure projects in London, it is hardly surprising that the ensuing
debate has taken on a rather controversial aspect (Bly et al., 1987; Mogridge and
Holden, 1987; Johnston, 1988). Since the basic empirical generalisation (M1)
appears robust, counter-arguments have been focused on the question of
theoretical interpretation, and in particular upon the validity of Mogridge’s
suggestion that the observed equality of road and rail travel times can be derived
from a behavioural principle analogous to Wardrop’s principle of driver route
choice.
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Shift of the Equilibrium Point to E3 due to Consequent Reduction in the Level of Service
Provided on the Rail Link (operator’s response to reduced revenue)
Here the modal share of road has increased further, but the equilibrium travel time on
both modes is now longer than it was before the road capacity increase.

3. WARDROP’S PRINCIPLE AND THE BECKMANN PARADIGM

Wardrop (1952) suggested that the following principle could be used as the basis
of a realistic traffic assignment:

(W1) The journey times on all routes actually used are equal, and less than
those which would be experienced by a single vehicle on any unused
route.

In referring to routes actually used, Wardrop means the routes used by a group of
drivers with a common origin and destination. Wardrop also mentioned an alter-
native principle (W2) that the average (or total) travel time should be minimised.
The principle (W2) would be preferred on the grounds of system efficiency, but is
not likely to be produced by an aggregate of individual utility-maximising
decisions. At best, it might be shaped by a suitable system of tolls.

Beckmann et al. (1956) showed that Wardrop’s first principle (W1) could be
applied to model a network in which all delay is experienced on individual links,
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and is an increasing function of flow. By applying techniques from the domain of
convex programming, the existence of a solution could be proved if certain
feasibility conditions were satisfied. The solution set has the property that link
flows (that is, traffic) are uniquely determined, though this does not apply to the
choice of routes. So long as the equilibrium traffic pattern is correctly reproduced,
the route flows must satisfy (W1), or rather a weaker form of it which allows
unused routes to be as fast as, though not faster than, routes actually used.

This was a considerable theoretical achievement, and it took more than a
decade for these ideas to exert much influence on the practical modelling of
urban traffic systems. The rapid development of computing techniques from the
mid-sixties stimulated both practical and theoretical developments in the appli-
cation of Wardrop’s principle. Much of this research was summarised in the set of
papers given to the international symposium on traffic equilibrium methods held
in Montreal in 1974 (Florian (ed.), 1976). The overwhelming influence of the
Beckmann paradigm can be seen even from a casual glance at the papers, though
there was one presentation (Jensen, 1976) which discussed the concept of statis-
tical equilibrium.

Within the model framework set out by Beckmann, there are differences of
emphasis. Dafermos’s (1976) work formulates the network problem in terms of
a more geometric conceptualisation (variational inequalities). This approach has
been extended by Smith (1983). Hall and Petersen (1976) showed that an
extremely general development of Beckmann’s model could be constructed from a
fundamental duality theorem concerning monotone networks. Evans (1976)
also used a duality theorem to derive her result already mentioned. Evans’s
solution, for a given set of zonal generations and attractions, produces a unique
traffic flow, which is the Beckmann equilibrium corresponding to a compatible
maximum entropy trip distribution. The problem requires average travel time
as a datum, since system entropy is only maximised subject to a travel cost
constraint.

Evans was aware of the theoretical advance achieved by combining two of the
stages of the standard transport planning model; she remarked that the integrated
model might be extended further to include modal choice, particularly for train
and car (since the networks are disjoint in this case). This suggestion may be
regarded as another precursor to Mogridge’s hypothesis. Indeed, the two-link
illustration given in Section 2 is a very simple model of precisely the type
suggested by Evans.

In trying to extend the idea to more realistic (complex) systems, we have to
face difficult questions concerning the supply side for rail. Is it adequate to
assume that average rail travel time is independent of the level of demand? This
assumption is commonly made in standard transport planning models, but it
may be no more than a convenience. On the other hand, it may represent a
necessary implication of the difficulty of establishing the sign of the slope of the
supply curve (just as the best evidence for travel time budgets is the difficulty of
establishing the sign of the long-term elasticity of travel time with respect to
travel speed).

If the level of rail service provided by the rail operator is assumed constant,
then marginal arguments suggest that the greater the modal share of rail, the
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longer is the average duration of a journey using specified origin and destination
stations. This is due to increasing access time at both trip ends as users switch
to rail at the margin.

This type of reasoning was used by Bly ef al. (1987) to suggest that a general-
isation of Wardrop’s principle could not be used to explain Mogridge’s empirical
generalisation (M1). At most it could imply the equality of road and rail speeds
for a marginal set of travellers on the periphery of station catchment areas. The
equality of average travel times is not implied.

We can develop this argument a little further to suggest that in fact, for com-
parable journeys, Bly’s catchment area model implies that rail journeys should
on average be somewhat faster. The marginal journeys are the slowest on the rail
system, but may be reasonably typical for car journeys. The data from the
London Travel Surveys suggest, on the contrary, that rail is a little slower than
car (Mogridge et al., 1987).

It might be objected that the observed discrepancy from the prediction of Bly’s
model is due to the mixing in the rail sample of car-available and non-car-available
travellers. Since the latter are captives, and not part of the equilibration, it might
be assumed that their journeys would take longer, bringing down the average
speed.

However, it is a curious feature of the data that the travel time distribution for
rail journeys is not affected by car availability. This is an important part of the
empirical picture, but it must count as evidence against Bly’s catchment area
model.

But is the supply curve in Bly’s model in fact a realistic assumption? Here it is
worth noting the observation by Morlok (1976) that the operator’s response to
an increased level of patronage would often be an increase in service frequency,
and that this supply curve effect should be taken into account in equilibrium
analysis of urban transport systems. The increase of service frequency produces
a reduction in journey time for each traveller, corresponding to a slope opposite
to that required by Bly’s catchment area model.

In attempting to combine the catchment area principle with the suggestion
concerning supply made by Morlok, we may conclude that the best that can be
done, in the absence of more specific information, is to use a horizontal supply
curve for rail, as originally suggested by Mogridge.

If, however, this is interpreted as marginal rail travel time, we obtain the same
mismatch with the data already mentioned in connection with Bly’s model. On
average, rail journeys should be faster.

To retrieve Mogridge’s hypothesis in the form in which it fits the data, we
therefore have to assume that:

(MT) Marginal rail travellers are typical: marginal rail travel time is equal to
average rail travel time.

The “typicality” of marginal travellers can only be obtained in the context of
a statistical model, as opposed to a static model. Travellers are switching mode
under the influence of changes in job or home location and decisions on car
ownership. In the medium term, these processes mutually adjust, and the
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adjustment process is conditioned by the available travel times on the two
systems. If we cannot, as yet, discern the micro-level processes by means of which
the adjustment takes place, the case is no worse than that of the analogous
problem in trip distribution theory, where we do not understand precisely how
the average cost constraint is implemented via the highly dispersed distribution
of individual decisions.

4. MODAL AMBIGUITY

If we remove supply curve uncertainties by postulating a horizontal line as the
supply curve for rail (as proposed by Mogridge), then a new form of uncertainty
arises, but this time as a property of the formal solution. The formal solution in
question is that provided by a Beckmann-type analysis using the extended form of
Wardrop’s principle, in which mode choice is governed by comparisons of journey
time. If we regard rail as an abstract mode whose characteristic is a matrix of
fixed travel times between certain nodes, the existence of a Downs-Thomson
equilibrium can be proved by a simple adaptation of the monotone network
theorem of Hall and Petersen (1976).

In a Downs-Thomson equilibrium, if both road and rail are used between a
given pair of nodes, the travel times on both modes are identical. As in the car-
only assignment, if road link travel times are strictly increasing functions of flow,
the pattern of traffic on links is uniquely determined. But this is not sufficient
to determine the modal split of journeys made.

Whereas in the car-only case there is a route choice ambiguity, since any route
flow producing the equilibrium link flow is a Beckmann route choice equilibrium,
in the case of a Downs-Thomson equilibrium any combination of modal split
and route choice represents a point in the solution set if it results in the (unique)
equilibrium road link flows and obeys the criterion of modal travel time compar-
ison.

In any Downs-Thomson equilibrium of this kind, the total amount of car
traffic is always the same, but it may be accompanied by various different
distributions of origins and destinations. Average car trip length will be inversely
related to the proportion of trips made by car.

Thus the generalisation of Beckmann’s model to include modal choice gives us
some, but not all, of the information we require about the system. The Downs-
Thomson equilibrium is clearly rather interesting from the theoretical point of
view, because it requires some further principle to complete the specification of
the solution. One obvious approach is via some form of the maximum entropy
principle.

5. ELUSIVE EQUILIBRIA

The use of a system Lagrangian in traffic assignment is a valuable formal tech-
nique, but it should not lead us to take the analogy with mechanical systems too
literally. The “restoring forces” which maintain the stable solution are hidden
away in the Lagrangian; and, when we dig them out, there are no behavioural
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principles among them.

The so-called restoring forces do not tell us how the system will move to the
equilibrium from a perturbed state. The system must jump immediately to
equilibrium as soon as it is switched on. It is in this sense that the Beckmann
model is static.

For the same reason it is a misnomer in this context to refer to Wardrop’s first
principle as a principle of route choice. There is no reference to the behaviour of
individual drivers in Wardrop’s statement of his principle (W1); and, as already
noted, even in the Beckmann equilibrium set the route choice of each OD-group is
not well determined. 4 fortiori there can be no decision rule which will allow
individual drivers to choose “correctly”. This conundrum is reasonably well
known among aficionados of assignment theory.

Here, “choosing correctly” means that the result of all the individual choices
turns out to be one of the possible equilibrium route-choice sets.

If a system is in Beckmann equilibrium on Monday, this state can be preserved
only by the decision rule: always do what you did yesterday, in precisely the
same way. If any other rule is adopted, the system will no longer be in equi-
librium on Tuesday and, indeed, is unlikely ever to regain the equilibrium state
after once having fallen from grace.

In this sense the Beckmann equilibrium, though producing a mathematically
“stable” solution to the problem of traffic flow, is, from the point of view of
behaviour, elusive. This elusiveness appears even where drivers have perfect
information about travel times on the last occasion when the network was used.
They still cannot choose a guaranteed shortest route on the next occasion. In
fact no such information is available to drivers.

A further aspect of elusiveness appears when we try to take account of the part
played by junction interactions in producing congestion delay. It is well known
that a great deal of delay is incurred in time stopped at junctions, but this does
not obey the assumption in Beckmann’s model that all delay is self delay of
traffic on individual links. Newby (1954) quotes measurements from the London
Traffic Surveys showing that in central London up to 30 per cent of travel time is
stopped time at junctions.

Smith (1983), developing Dafermos’s approach, showed how Beckmann’s
formulation can be extended to include the mutual influence of links. In this
more general model, which applies to junction interactions, the existence and
uniqueness of the solution is provable, provided a certain condition is satisfied.
This condition, which Smith called junction monotonicity, is a higher-order
analogue of the requirement that link travel-times are increasing functions of link
flows.

In realistic networks, Smith notes, this condition of junction monotonicity is
unlikely to be satisfied. Thus it is not correct to assume that traffic fluctuates
around a unique equilibrium value which may be predicted by a deterministic
model. The actual dynamics of a traffic system may approximate rather to the
chaotic behaviour which may be observed even in quite simple nonlinear
dynamical systems. This topic has recently aroused great interest among
mathematical physicists — see for example Hofstadter (1982), Douady (1985),
Devaney (1986), Gleick (1988).
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6. WARDROP’S THIRD PRINCIPLE

Wardrop often hinted, in casual discussions, that one of his principles was being
left out of consideration. He would jokingly say to anyone who mentioned
Wardrop’s principle (singular): “There are fwo principles, though I can never
remember myself which is which™.

After careful study of his well-known paper (Wardrop, 1952), I have become
convinced that we should also acknowledge a third Wardrop principle, which is,
in essence, the behavioural principle governing the statistical equilibrium of the
traffic system. This principle was not stated as a criterion for traffic assignment.
Rather it expresses Wardrop’s reason for believing that the driver-optimisation
criterion is likely to be a good model of the behaviour of drivers on real networks:

(W3) “Traffic will tend to settle down into an equilibrium situation in which
no driver can reduce his journey time by choosing a new route.”

It is in this third principle that we see the real force of Wardrop’s insight. The
first principle, indeed, is just a careful restatement of the minimum journey
criterion, already long in use for networks with fixed travel times. In the first
principle, the originality of Wardrop’s treatment lay in his combination of the
travel time criterion with the link speed/flow relationship. The simple model with
n parallel links presented in Wardrop’s paper was the first assignment model of the
type later treated much more generally by Beckmann et al.

The principle (W3) differs from (W1) in several important respects. Firstly it
explicitly refers to individual drivers. Secondly it mentions equilibrium explicitly.
And thirdly it uses the conative verb to tend.

A system which has an inbuilt tendency to assume a state X may nevertheless
be prevented from achieving state X by the existence of opposing tendencies. In
the case of route choice by car drivers, these opposing tendencies may be related
particularly to uncertainty or lack of information (see section 8). Remember also
that the existence of junction interactions may well imply that there is no formal
equilibrium, or that there is a multiplicity of equilibria.

Wardrop was too good a mathematician to assert without a proof that a unique
equilibrium exists in the general case. Beckmann et al. provided a valid proof for
a particular, somewhat artificial model; but, in the light of Smith’s later work,
Wardrop’s initial caution seems well-justified.

On the other hand, Wardrop, as an empirical scientist with wide experience of
real-life road networks, knew that they could be assumed to be in a steady state
despite the existence of considerable day-to-day fluctuations. A moment’s
thought shows that, if traffic were not in a steady state, even average journey
times could not be defined, and the basis for any rational decision would dis-
appear.

Since individual drivers do not make their decisions with the intention of pro-
ducing a steady state out of the aggregate of their choices, we must rely on the
ergodic hypothesis to guarantee the existence of a steady state.

Wardrop therefore implicitly defined the concept of statistical equilibrium for
urban traffic systems. The only consistent interpretation of (W3) is a statistical
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steady state governed by a balance between the attempts of drivers to minimise
their travel times and the “opposition” to these attempts produced by uncertainty
and lack of information. To the extent that the uncertainty depends on the
chaotic dynamics of the system at the micro-level of individual routes, it may be
seen to be a necessary and not an accidental characteristic of the traffic system.

Although the attempts of drivers to optimise their travel times condition the
steady state, they are not a necessary condition for the existence of a steady state.
Random route choices, for example, would equally lead to a steady state, since
this is an ergodic property of the system.

This is very different from the case of Beckmann equilibrium, since in the
Beckmann model the steady state must be identified with the equilibrium set of
link flows. Outside this equilibrium set, no provision is made for defining the
travel time along a route. Thus in fact it is not possible, even in principle, for the
drivers to move towards equilibrium by comparing traversal times for different
routes. Unless the system is actually in equilibrium, these traversal times are not
well defined.

This is a rather curious logical anomaly which deserves closer examination.
Perhaps the simplest way out of the dilemma is to assume that equilibrium
adjustment takes so long that the system can be assumed to be in a steady state
even when it is not in equilibrium, and that this allows drivers to make meaning-
ful comparisons of journey times. But there is little difference between that
approach and the approach suggested here, which is to use the steady state itself
as the best model of what we mean by equilibrium.

7. THE STATE SPACE

Consider the set of all possible route-choice selections which do not exceed the
capacity on any link and which are compatible with a fixed OD demand. This set
is the state space, and a point in the space is determined by a vector of route
occupancy numbers. Each point in the state space determines a corresponding
vector of route delays. Two macroscopic system state functions present them-
selves as having an immediate interest. The first is total excess time and the
second is total travel time. Excess time is defined for each driver as the time by
which the route chosen exceeded the minimum possible journey time on that
particular occasion.

Clearly excess time is in a close relation to Wardrop’s first principle, and total
travel time corresponds to Wardrop’s second principle. Beckmann “‘equilibrium”
is simply the set of states for which excess time is zero.

Just as excess time cannot be negative, so there must be a definite lower bound
to total time. The ergodic hypothesis suggests that these state functions will
exhibit fluctuations around certain definite values. Moreover, for the system as
a whole we would expect the fluctuations to be relatively small except on rare
occasions. At the microscopic level, on the other hand, there may be continual
fluctuations which show no tendency to die away over time.

It is also reasonable to expect that the centre of the excess time distribution
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would be located at a value greater than zero — thus the set of states correspond-
ing to Beckmann equilibrium would be associated with a probability very close
to zero, even if such states existed.

The evidence tends to suggest that average travel time has a stable value over
long periods; this value is preserved not just by the behaviour of drivers, but also
by location behaviour. It behaves as a system invariant which conditions the
spatial evolution of the urban system. Likewise excess time may be expected to
be fairly stable.

This gives rise to an important question: given a method like the classical
Beckmann assignment model, which leads to a zero (or small) value of excess
time for a solution assignment, how valid is this as a representation of the real
distribution of traffic where excess time is always greater than zero by a non-
trivial amount?

The following comment on the performance of currently available models is
perhaps relevant in this context:

Because the assumption that real traffic flows are at or near their equil-
ibrium values is the starting point for nearly all equilibration research and
applications, research into its empirical validity is a matter of some import-
ance.

The evidence for the validity of the standard equilibrium assumption is
highly ambiguous. It is not unusual for measured traffic volumes and those
computed with equilibration models to differ by 30 per cent — 50 per cent
or more. However, the computed volumes are based on network represent-
ations, performance functions and demand data and models that are, at best,
only approximations to reality. Thus it is not clear whether the observed
differences between measured and computed traffic volumes should be
interpreted as evidence that the equilibrium assumption is violated, or as
indications that the approximations underlying the computations are in-
adequate. Horowitz, 1985

8. DRIVER BEHAVIOUR AND WARDROP’S THIRD PRINCIPLE

The structure of the state space must be specified in terms of all possible routes.
It is then adequate to provide a description of what happens. But the structure
of this descriptive framework is not necessarily the most natural or the most
useful for considering the actual behavioural adjustments of drivers.

Consider a typical car driver who has just changed job or moved home, and
who decides initially to continue using the car for the new work journey. This is
the beginning of a learning process which may last a few months or several years,
until the next location decision or modal switch. If there is a feasible rail altern-
ative, this may be tested out on specific occasions.

In the absence of detailed information, the driver may adopt a number of
strategies. For example, drivers may operate on the hypothesis that the average
excess time on the physically shortest route is not likely to be much larger than
that on the best possible route (that with the smallest average excess time). The
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driver may be expected to indulge in some degree of experimentation, to an
extent influenced by temperament and the topographic circumstances of the
journey to be made.

We should recognise that for such a driver “routes” are not usually regarded
as a set of independent entities. The driver’s task is rather to learn about the
characteristics of one or more systems of routes connecting the home with the
workplace. Further, it is both possible and useful for the driver to learn how to
adapt route choice according to the prevailing traffic conditions when the journey
is made. Information relevant to such choices is now diffused on local radio
stations, and may in future include real-time computer-generated advice using,
for example, the Autoguide system projected for London. When traffic is
expected to be heavy, this is likely to affect not only route choice but also the
timing of the departure from home, though journey start times cannot be
accounted for in a model retaining the static characteristics of the Beckmann
paradigm.

It is therefore reasonable to conclude that ‘“‘driver route choice” should not
be assumed invariably to be a prior decision to use a particular route, come what
may. More plausibly, the route finally determined is the result of a number of
decisions taken at various stages along the route, adapted to the local traffic
conditions.

- We may therefore expect that “local optimisation” succeeds to a greater
extent than optimisation over entire route systems, since this is a natural con-
sequence of the learning process of drivers and residual uncertainty. This local
optimisation does seem to be a characteristic of observed networks, even for the
pattern of traffic on any particular day.

It should be noted that, where certain sources of information are available,
the information input is part of the statistical equilibrium: a change in inform-
ation would produce a change in system behaviour. This is most vividly illustrated
in the well-known phenomenon of “rat-runs’.

9. APPOINTMENTS AND PUNCTUALITY

An important subset of the journeys that people make is governed by the require-
ment to arrive at the destination not later than some specified time. We may call
trips of this kind appointment trips. Many journeys to work, and most journeys
to school, have the character of appointment trips, though this feature is not
usually present equally on the outward journey and the return journey home.
Even where the choice of arrival time is at the discretion of an individual, the
fact that a day’s activity may be quite tightly scheduled may give other journeys
some of the characteristics of appointment journeys.

The theoretical study of appointment trips has intrinsic interest, but it also has
practical significance for equilibrium modelling of urban transport systems
because of its relevance to a.m. peak travel. The treatment given here is based
on simple assumptions which are not necessarily the most appropriate.

It is convenient first of all to use the appointment time as the zero on the time
axis. We define:
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—A = journey start time (A4 is assumed positive);
t = mean journey duration;
e = the fluctuation on a particular occasion;
B = the arrival time.
Thus:

—A+t+e=8B

If B is negative or zero the arrival is said to be early; otherwise it is late.

For this kind of journey, the travel disutility cannot be identified merely with
the journey duration. A simple analysis suggests that a function of the following
type could be used:

—U=1(4)+g(B)

That is, disutility is composed of (1) the opportunity cost of the time lost at the
journey origin and (2) the penalties attached to arriving late. If the arrival is early,
the time to the appointment may be used in some way which reduces the oppor-
tunity cost of setting off at a particular time. But this does not affect the under-
lying principle involved; that is, the attempt of the traveller to minimise the
expected disutility by choice of journey start time and travel method (route,
mode, etc.).

While this method could often be used to show the existence of a “‘best”
journey start time, there is an alternative approach which may be more
behaviourally realistic. This acknowledges that, while a certain amount of lateness
is inevitable, the very meaning of “appointment” implies that lateness is socially
unacceptable, and that “disutility” takes the form of the shaping of individual
behaviour to conform to an acceptable norm.

The utility analysis and the hypothesis of the social norm are not opposed in
any essential sense. However, the social norm hypothesis is the more useful in
terms of equilibrium analysis, because it allows us to assume that the random
variable B is independent of the transport system, since it is socially determined.

10. THE PRINCIPLE OF TIME COHERENCE

The principle of minimisation of journey time by drivers (W1) cannot be applied
as it stands to a situation in which journey times vary systematically with the time
of day. The fastest journey may occur at an inappropriate time for the traveller.
This applies particularly to appointment journeys. Instead we require the following
more general principle, which may be termed the “principle of time coherence”:

(TC) No driver can arrive earlier by setting out later.

As long as journey times along routes are continuous functions of the time of day,
this principle implies that (W1) holds for vehicles setting out from an origin to a
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given destination at the same time. Thus the principle of time coherence is the
correct generalisation of Wardrop’s first principle for dynamic networks.

The principle of time coherence seems to play a similar “topological” role to
the time-minimisation principle in the static case. Just as a system which obeys
(W1) has the “nice” property that each OD pair can be associated with a well-
defined journey time, so a dynamic system which obeys (TC) has the property
that traffic between O and D arrives at D in the same order as it leaves O.

(TC) also implies that traffic setting out at a given time ¢ obeys the principle
(W1), so journey time is well defined at each time of day. Smeed (1967) began
to tackle this problem; a specific response to his paper was made by Ben-Akiva
and de Palma (1986), following earlier work (Ben-Akiva et al., 1984) which used
Vickery (1969) as a starting point; the most recent study is by Changeral. (1988).

In the case where journey time along routes is a smooth function of time of
day, the principle of time coherence allows us to set up an equation connecting
journey duration (7), departure rate from O bound for D (¢) and rate of arrivals
at D(¢). All three of the quantities 7, Y, ¢ are functions of real time (#). Simple
considerations show that the following equation, expressing the conservation of
traffic, must be satisfied:

Y(t) -1 +d'r

ot +7) ar

11. JOURNEY START TIME AND MODAL CHOICE

In the more realistic context of a dynamic model of the a.m. peak, we find that a
form of Mogridge’s hypothesis can be stated in terms of journey start times.
Let us try to state a behavioural principle which might condition a dynamic
statistical equilibrium for a large set of appointment journeys made by car or
train, and for which money cost is disregarded (the principle of equivalent starting
times):

(EST) The system tends to an equilibrium in which no traveller can start his
journey later without violating the criterion governing late arrivals.

We use the term “tend to” as in Wardrop’s third principle, to indicate that there
may be opposing tendencies which prevent the system from ever settling down
completely. The principle of equivalent starting times is intended to explain
both choice of mode and choice of route, though neither modes nor routes need
be mentioned explicitly in formulating the principle. The principle describes a
dynamic statistical “equilibrium’ or steady state, which is closely related to a
generalised time coherence principle applying to modal choice as well as route
choice.

It is thus, in the terms set out in earlier sections of the paper, a generalisation
of Wardrop’s principle to modal choice in a transport system where modal
journey times vary systematically with time of day, and also exhibit random
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fluctuations. But in a system governed by the (EST) principle, we would expect
to obtain empirical data very similar to those noted in connection with Mogridge’s
hypothesis. The (EST) principle also suggests the possibility of studying the
relation between road and rail travel times in a systematic way as a function of
travel time variability.

The principle does not require precise equality of journey durations for car
and train travel, since the statistical properties of the distribution of durations
for a given journey may differ between modes.

The simplest analysis may be made on the basis of the coefficients of variation
for journeys by train and by car. This question has not been dealt with very
thoroughly from an empirical point of view, but until better figures are available
the following may serve as a rule of thumb: rail journeys, about 12 per cent
(Mogridge, 1988); car journeys, about 20 per cent (Mogridge and Fry, 1984).

A difference of this order of magnitude perhaps explains why comparable
journeys by rail and car tend to show a slightly faster journey by road. This
difference is perhaps 10 per cent for journeys of intermediate length, attenuating
to a few per cent for longer journeys. For journeys from the urban periphery
and beyond there is little difference, and rail may even be faster (Mogridge and
Holden, 1987).

Thus, whereas Bly’s model (see section 3) gave the wrong prediction about the
detailed relation between modal speeds, the (EST) principle is quite compatible
with the fact that rail journeys are ever so slightly slower.

Analysis in terms of the (EST) principle demonstrates the importance of service
frequency and reliability of schedules in governing modal attractiveness for the
important class of journeys with an arrival time constraint.

The (EST) principle also seems to be compatible with the empirical finding
already noted that there is very little difference between the rail journey times of
car-available and non-car-available passengers.

If a sudden increase in road capacity were implemented overnight, then, for
the set of journeys starting at time A, the car travellers could put their start times
forward to A’. The first travellers to switch from rail to car would experience a
benefit of the same magnitude (the opportunity cost of 4’ — A), but they would
cause a reduction in A’ for those already using road. This process of adjustment
would continue at a progressively slower rate until, asymptotically, the start time
of car travel would have been brought back to 4 again. If the shift away from rail
caused the rail operator to reduce service frequency, rail start times would shift
backwards to the earlier time A", so that, when equilibrium was reestablished, the
start times for both rail and road would be earlier than before for the same
journey. Thus a version of the Downs-Thomson paradox occurs in the (EST)
interpretation.

Behavioural adjustments occur over a long period of time, subject to lags and
uncertainties, the influence of habit, and so on. An improved road might produce
measurable benefits initially, but these would turn out to be evanescent after a
few years at most. As has been vividly illustrated by Thomson (1977), the
sanguine expectations of traffic engineers have time and again been confounded
by the “mysterious” phenomenon of generated traffic.
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12. CONCLUSIONS

The main thesis of this paper has been that a dynamic statistical model is more
appropriate than a static, micro-deterministic model for the study of urban
transport equilibrium, and that in seeking for a behavicurally plausible inter-
pretation of Mogridge’s hypothesis we are led inevitably in the direction of just
such a dynamic statistical equilibrium.

The interpretation suggested here, though not differing very greatly from
Mogridge’s original proposal, could not be stated within the framework of the
classical transport planning model because the concepts of journey start time and
journey time variability enter in an essential way into the equivalent starting time
interpretation.

The concept of a statistical model of equilibrium is hardly new. As I have
pointed out, both Wardrop and Smeed made important contributions to the
development of the concept, though their ideas have so far had little influence
on modelling practice.

However, it may well be the right time for a change. Many of the intractable
problems in contemporary modelling of transport systems relate to the poor
performance of even quite sophisticated models in predicting micro-level prop-
erties of the system. Horowitz’s comment on assignment models (section 7) has
a counterpart for modal choice modelling:

Few existing mode-choice models explain as much as 40—50 per cent of
observed variation in choices, and many explain less than 30 per cent. More-
over, existing mode-choice models are unable to predict reliably the demand
for new modes, and the accuracy with which they predict the effects of
more modest changes in service quality is uncertain. They cannot even be
transferred among geographical areas (even within the same city) without
making substantial changes in the values of at least a subset of their para-
meters. Identifying the causes of and remedying these difficulties constitutes
an important and useful topic of research.

Horowitz, 1985

In fact, both current modal choice and assignment models perform poorly in just
the way that static models of a dynamic statistical system must perform poorly.
In statistical mechanics, dispersion ceases to be a problem and is treated as an
important system property in its own right. Uncertainty cannot be altogether
eliminated. Once this fact is accepted, however, uncertainty becomes amenable
to treatment according to the laws of probability.

It may well be, therefore, that the reason why policy makers have continued
to attempt to build more roads and increase road capacity in the centres of cities
is the failure of transport planners and economists to convey to them that one
must take a systems view of all modes of transport in cities, and that it may be
quite wrong to assume that improving a given mode must lead to an improvement
in the system as a whole.

Date of receipt of final typescript: Feb'ruary 1989
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