OPTIMUM DYNAMIC INVESTMENT
POLICIES FOR CAPACITY IN TRANSPORT
FACILITIES

By J. Enrique Fernandez

1. INTRODUCTION

The analysis of optimum policies for investment in capacity for transport facilities has
been undertaken by several writers on economics. Mohring and Harwitz (1962), Stroz
(1965) and Keeler et al. (1975) developed models relating optimal pricing and
investment decisions, and produced important new knowledge on the nature of
optimum policies. Nevertheless, these models are static formulations of the problem
and fail to produce any explicit expression for the optimum investment function.
Dynamic investment models have been recently developed by Friesz and Fernandez
(1979) for optimum maintenance expenditure, and by Fernandez and Friesz (1981)
for optimal policies for stage construction.

In this paper a dynamic model is developed for investments in capacity. Following
the first authors mentioned above, we consider capacity as a continuous variable. The
objective is to find explicit expressions for the optimum investment policies, and to use
them to analyse the temporal or dynamic characteristics of these policies in different
circumstances. The assumption of a continuous capacity function is not strictly
realistic for some public facilities that present important plant indivisibilities.
Nevertheless, it has been shown that models built under this assumption can still be
very useful, if conveniently used. In general, indivisibilities become less relevant as the
capacity of a system increases. In particular, if the system under study can be
regarded as a group of facilities, such as a transport corridor composed of several
individual roads, the assumption of continuity becomes an acceptable approximation,
even though indivisibilities exist for each facility.

In addition, the formulation adopted here allows us to show to some extent the
discrete nature of investments, by considering the large economies of scale in the
provision of facilities. As we will see later, this leads to “bang-bang” policies, which
can be interpreted as discontinuous periods of discrete provision of capacity.

The analysis throughout this paper focuses on transport facilities, but the model
developed in Section 2 is also applicable to other public facilities that present
congestion externalities of use.
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2. MATHEMATICAL MODEL FOR OPTIMAL INVESTMENT IN
CAPACITY

We will assume that we have a transport system or facility which serves homogeneous
users. Each user obtains a utility U(#) and perceives a cost C(k,q) from each trip on
the system. The utility depends only on factors external to our model, and can be
expressed as a function of time. This seems a realistic assumption for all kinds of trips
except those that are purely recreational. In any case it is adopted only as a
convenient assumption in order to simplify the formulation of the model; to drop it
would entail no serious consequences, but only some increase in the complexity of the
analysis. The operating cost function C(k,q) corresponds to an average variable cost
function, which includes all expenses of user-supplied inputs, and it is assumed to
depend on the capacity of the facility k and the number of users g. Both variables will,
in turn, be functions of time. For purely recreational trips, the utility could also be
expressed as U(k,q); but for simplicity, as stated above, we will only consider the case
U(?). To begin with we will only make very general assumptions about the function
C(k,q). In particular:

C,20, C, =0

1
Cpu 20, Cie 20, C, <0.

& =
The operating cost function will therefore look as shown in Figure 1.

Additional traffic, if capacity remains constant, will increase operating costs;
additional capacity, at the same level of traffic, will on the other hand decrease
operating costs. Both effects could be zero at low levels of traffic relative to capacity.
In addition, (1) states that the value of C, will increase with g when & is held constant;
but C, will decrease as k increases, reaching a value of zero at high capacity values
(free flow situation); finally, C, will decrease as capacity is added, reaching also a limit
value of zero in the free flow. All these assumptions conform to the general
characteristics of congestion processes in public facilities such as transport
infrastructure (see Manheim, 1979).

Let us now define a cost of capacity function that gives the amount of investment 7
necessary to obtain different levels of capacity k.

I=1k). )
If we now differentiate this function with respect to time we obtain:
i) =10) = fik(@), 3)

where k(f) is equal.to the change in capacity produced at time ¢, f;, is the marginal cost
of capacity, and i(¢) is the amount of dollars spent on capacity at time ¢.

The transport system will be characterised by two state variables: the capacity of
the facility at time ¢, k(f); and the number of users at time ¢, g(¢). As a control variable
we will choose the change in capacity of the facility at time ¢, which we will denote
by V(¢). With this notation we can now express the expenditure on capacity per unit of
time, using (3), as:

i(t) =f, V(. )
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FIGURE 1

Operating Cost Function C(K,q).

We wish to find a function V*(f) that maximises the present value of the net social

benefits of the system over the period of analysis [0,7]. Therefore the objective
function wil be:

JV () = L T{[U(t) — Ck,)] g — £,V (O} exp (— pr) dt + w(k(T)) exp (— pT) (5)
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where p is the appropriate interest rate and y is the residual value of the facility at time
T, which we assume to be a function of the capacity of the facility at that time.
According to our definition of V(f) above, the evolution of the capacity of the facility
over time will be determined by the simple differential equation

k(1) = V@), k(0) =k, (6)

Finally, we will assume that there is a limit M to the amount of capacity that we can
provide per unit of time and that, once in place, capacity cannot be removed
(dis-investment is impossible). Therefore, we have the following constraints for our
control variable:

0<V@) <M, Vtelo, Tl @)

It is necessary to note some important characteristics of the functions and variables
that have been defined.

The investment function f{k) must be continuous in k, but apart from this restriction
its form can be as general as required. As we will see later, only some restrictions on
the value of the third order derivative f,;, will be necessary to satisfy the sufficient
conditions for optimum policies (see Appendix).

The control variable V(f) does not need to be continuous for all ¢ in [0, 7]. Only
piecewise continuity is necessary. This enables us to represent discrete periods of
provision of capacity.

The optimum dynamic policy V*(¢), through the period [0, T, will be obtained if we
maximise the value of J(V(¢)) given by (5), subject to the dynamic equation (6) and
the constraint (7).

J(V (1)) represents the total net social benefits obtained from the use of the facility
during the period [0, T, plus the corresponding residual value. The gross benefits at
any time ¢, within [0, T1, are given by U(#) q(#), which is equivalent to the total
consumer surplus obtained by the users of the facility at time :

a®
UDg®)= [ Plg)dg ®)

with P(q) equal to the total price that the users are willing to pay, when the total
amount consumed is g (given by the corresponding demand function). The net benefits
are then obtained by subtracting the total variable operating costs, C(k, q) q(?),
experienced by the users of the facility at time ¢, and also the amount invested in
capacity at that time, f, V'(¢). The variable operating costs will depend on the level of
service offered by the facility, which in turn will depend on the congestion determined
by the values of k and g. The integral of £, V(#), between 0 and T, will give the total
amount spent on capacity in the period. The factor exp(— pt) is used to obtain the
present value at time 0.

In this formulation, the demand q(¢) is exogenous, and we assume that its value is
given and known within the period [0,7]. On the other hand, the value of the capacity
will evolve according to the dynamics established by equation (6).

As we are dealing with a dynamic representation, in which time is considered a
continuous variable, it is necessary to impose a limit to the amount of capacity that
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can be provided per unit of time, ¥'(¢). For instance, if a new road or connection must
be provided within a given corridor, it will take a year or two to complete the work;
therefore we can reckon that only a fraction of the total capacity of the facility can be
provided during each hour, day or month of the construction period. This is precisely
the meaning of the upper bound M in condition (7); it represents the physical,
technical and/or financial constraints always present in the construction of facilities. If
we did not introduce an upper bound M for the value of V(£), we should be assuming
the possibility of an instantaneous provision of any amount of capacity required.

As we shall see later, the sufficient conditions for optimality also set a limit on the
maximum value that V(¢) can take (see Appendix).

3. NECESSARY CONDITIONS FOR OPTIMALITY

The problem of maximising the objective function J(¥(T')) defined in (5), subject to
the capacity dynamics (6) and the control constraints (7), constitutes an optimal control
problem with fixed terminal time and no state space constraints (see Athans and Falb,
1966). In order to specify the necessary conditions for a maximum of J(V(£)) we need
to define the Hamiltonian function:

H(t) = {[U@®) — C(k,q) 1q(t) — £,V (2) Yexp(—pb) + MOV (2), )

where A(¢) is the adjoint variable corresponding to the state variable k().

According to the Pontryagin maximum principle (Pontryagin et al., 1962) the
necessary conditions for a maximum of J(V(£)) over V(¢) state that there must exist a
function A(¢) that satisfies the adjoint equation:

A =— (8H/2K) = [C\g + fyV') exp(pt) (10)
with
MT) = (9w/ k)7 exp(—pT) = A, (11

and that the optimum control ¥*(£) must be such that the value of the Hamiltonian (9)
is maximised for all ¢ in [0,T]. This last requirement can be denoted as

HK**V*1) > H(k*,A*, V1), Vte[0,T] (12)
Ve )

where  is defined by (7) and the * in k and A means that these variables satisfy (6)
and (10) respectively. Expressions (6), (7), (10), (11) and (12) constitute a complete
set of necessary conditions for our problem.

It is easy to see that the gradient to the Hamiltonian with respect to the control
variable V'is given by

H,= A —f, exp(—pt) (13)
and, given that the Hamiltonian is a linear function of V, the optimum function V*(f)
will be given by

M , if HF >0
V*(@)= {0 , ifHE <O (14)
undetermined, if H} = 0.
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We observe that expressions (13) and (14) imply that V*(¢) is a well defined function
of k*(¢), A*(¢) and ¢ as long as the gradient H }(¢) is non-zero. In that case we have

M, if 2*(¢) > fFexp (—pt)
V*(1) = (15)
0, if A*(#) <f¥exp (—p?)

if the function H}} vanishes only at a few times in the period [0,7], (15) completely
defines the optimum policy for the provision of capacity; this is known in control
theory as a “bang-bang” policy, and is shown graphically in Figure 2.

Nevertheless it may sometimes happen that the gradient H} vanishes completely
over one or more finite periods of time or sub-intervals in [0,7']. Then the periods for
which H} = 0 are called singularity intervals or singular arcs.

As we noted in (14), the necessary conditions (12) do not provide in this case
enough information to define V*(r) along a singular arc. Therefore we must
manipulate the other necessary conditions in an effort to determine a well-defined
expression for V* (#); this is called singular control.

Singular controls can in general be determined by using the following observation
(Bryson and Ho, 1975): “If the gradient H, of the Hamiltonian vanishes identically
along a singular arc, then the time derivatives of H,, must remain equal to zero during
the same period.” From (13) and (14) we find that at a singular arc

H,=A—fiexp(—pt) =0 (16)
Thus upon taking the time derivative of (16) we obtain
Hy= A — fuk exp(—pt) + pf; exp(—pt) = 0 17

which, making use of the necessary conditions for k and A expressed by the capacity
dynamics (6) and the adjoint equation (10) and dividing by the positive value
exp(—pt), becomes

Cyq + pfi,=0. (18)

Now, given that (18) must hold along the singular arc, we can take a new time
derivative of this expression to obtain

Cikq + Ciq + Cg + puk =0, (19)

and, using again the necessary condition (6), we get from (19) the following expression
for the singular control:

V¥ =—q{(Cig + C/(Cut +/iu)} (20)
In addition, the singular control must obviously satisfy the control constraint
0=ry=M. D

It is important to note that (16) and (18) constitute necessary conditions for the
existence of the singular control V¥ given by (20). In other words, V¥ will be an
optimum policy only when condition (16) holds. In that case the use of a control V*
will maintain the solution path on the singular arc, along which (18) is also satisfied.
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FIGURE 2
Bang-bang Policy

At the beginning of Section 3 we saw that one of the necessary conditions that an
optimum control must satisfy is the maximisation of the Hamiltonian required by (12).
It is easy to see that the control V* specified by (20) does not necessarily satisfy that
condition. We derived V¥from the fact that along a singular arc H* = 0, which is only
a first order condition for the maximisation of the Hamiltonian with respect to the
control. Therefore, we still need a second order condition in order to ensure that Ve
corresponds to a maximum of H(#), and not to a minimum or an inflection point. This
second order condition is proved, in general, by the requirement that H%>0 (see
Bryson and Ho, 1975). In the linear case, for non-singular arcs (bang-bang controls),
the fact that Hy(V—V*) <0, for all Ve, is a sufficient condition for the
maximisation of the Hamiltonian (see Luenberger, 1973). However, for singular arcs
we have both

Hf=0and H}%=0 (22)
and therefore an additional necessary condition must be applied. This condition,
developed by Tait (1965), Robbins (1965) and Kelley et al. (1966), is that, in addition

to all the necessary conditions already developed ((6), (7), (10), (11), (16) and (18)), if
V¥ is to produce a maximum of J(V(£)) the following must be satisfied:

Ny 0 .
(Hy)y = v { (d/do2H,} = 0. (23)
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For our problem it is easy to check that this reduces to
(H,)y = (Ciq + fua) xp (— pt) 2 0. (24)

Given our assumptions (1) about the function C, and given that g(¢) is by definition
non-negative, condition (34) will always be satisfied for all f functions with decreasing
or constant returns to scale (f;, =0). It will be violated for functions that present
increasing returns to scale if

S <= Cuc (@/p). (25)

In that case a singular control given by (20) will not provide an optimal solution to our
problem.

In the Appendix the interested reader can find the sufficient conditions that the
policies here developed must satisfy in order to be optimum.

4. DYNAMIC OPTIMUM POLICIES AND ECONOMIC
INTERPRETATION
In the preceding section we used the necessary conditions provided by the Pontryagin
maximum principle (Pontryagin et al., 1962) to derive expressions for the optimum
controls for our problem. Two cases were identified and analysed: bang-bang and
singular controls. Therefore a general and complete definition of an optimum policy
will be given by: '

V*(1) = (26)
(@) 0,if A* < fiexp (—p0)
(b) M, ifA* > fiexp(—p1)
© —qt qu q-+ Ck)/(ckkq +fkkp)}9 if
A* = f, exp(—p?) and fiu = — Cii(q/ p)-

In addition, in accordance with the results in the Appendix, the following conditions
must be satisfied in order to obtain a complete set of sufficient conditions for
optimality:

Case (b): V* = —q(Crilfids EM > —q(C i 27
Case (¢): V* = —q(Co/ i) I VE > —q(Cril frrid- (28)

In case (a) the necessary condition given above is also sufficient for optimality.

In normal circumstances, depending on the special forms of the functions f (k),
C(g,k,), q(®) and on the initial and final conditions of the problem, we can have
optimum policies that are the result of any combination of cases (a), (b) and (c).

In order to understand when different combinations of (a), (b) and (c) are likely to
correspond to optimum policies, and to explain their meaning in the context of optimal
investment in transport facilities, we need to give an economic interpretation to the
corresponding optimality conditions.

The interpretation of the adjoint variables A*(f) is fundamental for understanding
the dynamic optimal policies presented in section 3. For this purpose we can use the
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following equality, which holds along an optimal solution (see Athans and Falb,
1966):

oJ
A (t):a_k (k*,0) (29)

Expression (29) says that A* (¢) represents the shadow value or benefit of capacity,
at time £. We can learn more about A*(#) from the adjoint equation (10). If we integrate
(10) by (11) we obtain the following expression for A(?):

Alt) = LT {—Cg(x) — fiiV'} exp (—px) dx + A, (30)

In (30) we find that —C,g(x) is equal to the total reductions in operating cost
experienced by the users of the facility at time x (x > ) as a consequence of an
additional unit of capacity provided at time . The integration of the present value of
these cost reductions over the life period [#, T] constitutes the usual measure of the
benefit derived from an additional unit of capacity, and 1, is the residual value at time
T. Nevertheless in the integrand of (30) there appears a new term f,, /" which plays an
important role and has an interesting interpretation.

Since we are considering dynamic policies, the term f;, V" gives us a preview of the
characteristics of the investment function f(k) beyond the point x at which we are at a
given moment.

Let us consider the three simple cases shown in Figure 3. When the investment
function presents constant returns to scale, f}, is equal to zero for all values of k, and
A(?) is reduced to

Al) = ft i —Cig(x)exp(—px) dx + Ap (31)

In this case the marginal cost of capacity is constant; therefore, at any point & of the
function f(k), the value of f, gives complete information on the relevant cost
characteristics lying ahead for higher values of k. Then, according to (41), A(?) is only
a measure of the total operating cost reductions obtained from the introduction of an
additional unit of capacity. In other words, A(?) corresponds to the present value of the
benefits that would usually be considered in an evaluation of an investment in an
additional unit of capacity.

Nevertheless, if the investment function presents increasing returns to scale (as in
case (b) in Figure 3) it will have a decreasing marginal cost of capacity f; and
therefore a negative second order derivative f,,. In fact, the larger the economies of
scale, the more negative will be f;,. In this case a positive value of the control V" will
increase the value of A(¢). In fact, as long as f}, is negative (economies of scale exist),
the larger the value of ¥, the higher the value of A(¢). This term f,} then says in effect
that, even though for a given small value of k the marginal cost of capacity f, can be
very high, it may be worth paying this price for the initial marginal units when f(k)
presents increasing returns (fj, < O0), since the more marginal units we provide the
cheaper they become. Otherwise, if for the case of f;; < O we were only to compare
the marginal cost of capacity, when k is very small, with the corresponding benefits in
reduced operating cost, it could happen that the first marginal units would never be
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FIGURE 3
Capacity Production Function f (k)

justified, and so no investment at all would be made even though the next units might
be considerably cheaper if the first were provided. That is precisely the function of
JuV, to indicate how much cheaper the next units will be. If constant returns to scale
exist, they will cost exactly the same as the unit now under consideration, and
therefore there will be no reason to give any bonus to the provision of one additional
unit over the value of its associated reduction in operating cost.
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On the other hand, the effect is precisely the opposite when f(k) presents decreasing
returns to scale, as in case (c) of Figure 3. Even though the marginal cost of the first
units may be very low, they will make the next ones more expensive, and therefore a
penalty is added to the provision of capacity as long as f, is positive.

4.1. Bang-bang Policies

Bang-bang policies appear when conditions (15) are satisfied. If the gradient of the
Hamiltonian H}} vanishes at only a few points in [0,T], we reach a pure bang-bang
policy, an example of which is shown graphically in Figure 2.

If we consider conditions (26) we can see that bang-bang policies will occur when
the capacity function f(k) presents large enough economies of scale. A simple typical
case is shown in case (b) of Figure 3. If £}, is sufficiently negative for condition (25) to
be satisfied, then we know that only a bang-bang policy can be optimal. In general,
when f(k) presents large economies of scale the only possible optimum policy at that
point will be bang-bang, since if (25) is satisfied we know that a singular policy of fine
tuning cannot be optimum. In addition, as we will see in section 4.3, bang-bang
policies provide an optimum way to reach or leave a singular arc.

There is scant evidence on the question of scale economies or diseconomigs in the
construction of transport infrastructure. Some studies have referred to the analysis of
economies or diseconomies in highway construction, leaving the answer in dispute. On
the basis of prior engineering considerations, Meyer, Kain and Wohl (1965) found
considerable economies of width. Nevertheless, Walters (1968), looking at their data
on highway construction costs, found that the figures showed considerable evidence of
decreasing returns to scale, indicating higher costs per lane-mile for wider freeways.
Lyle Fitch and Associates (1964), in a study of two highway plans for Washington,
D.C., found some direct evidence of decreasing returns to scale in freeway
construction, on a lane-mile basis. Finally, Keeler et al. (1975) made a systematic
attempt to separate out statistically the effects of urbanisation and scale on
expressway construction costs. Working primarily on data for the San Francisco Bay
Area, they found that the results of their analysis were consistent with the hypothesis
of constant returns to scale, at any reasonable level of statistical significance.

If we consider a system of roads in the aggregate, we can use the lane-mile as a unit
of capacity. Then, if, as found by Keeler et al. (1975), constant returns to scale exist in
highway construction, the best investment policy will be to follow a singular arc (see
section 4.3), in which additional lanes of capacity are provided as required as demand
increases, according with equation (26¢). In this case, bang-bang policies will provide
the optimum way to reach or leave the singular arc. This will also be true if, as found
by Lyle Fitch and Associates (1964) and Walters (1968), there are decreasing returns
to scale. On the other hand if, as concluded by Meyer et al. (1965), considerable
economies of scale are the rule, then the optimum course will be to use a bang-bang
policy, concentrating the provision of capacity in a given period of time.

In the case of highway construction, a fraction of a lane (e.g. a metre of width of a
highway) is not a very realistic unit of capacity; but, given our continuity assumption
for k, we have to consider f(k) as a continuous function. If we are considering a whole
system of highways, the number of lanes may be large enough for it to approximate to
a continuous variable. However to treat an individual highway in that manner would
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be a gross simplification. Thus the indivisibility of a lane can be represented by strong
local economies of scale in the cost of capacity function for the construction of each
lane. Then f(k) will resemble a stairway, with rounded corners and as many steps as
there are lanes in the highway. In this case the optimum policy for the construction of
each lane will be bang-bang, and the pace at which lanes are provided will depend on
the overall return to scale for the highway. If there are overall strong economies of
scale, all the lanes will be provided together in only one bang-bang shot. If overall
constant economies or diseconomies are present, additional lanes will be provided as
required by increases in demand, according to a fine tuning policy.

It is interesting that a policy of discrete provision of capacity can thus be derived
from a continuous formulation and can be produced by the economic attribute of
economies of scale. .

In addition, the sufficiency conditions derived in the Appendix require that, if the
third order derivate f,,, is negative, the upper bound values of capacity provision per
unit of time must satisfy constraint (A8). This constraint prevents overshooting during
the periods when capacity is being provided.

4.2 Singular policies

Singular policies appear when the gradient H, vanishes entirely over a period of
time or a sub-interval in [0, T]. The periods for which H,, = 0 are called singular arcs,
and in them the optimal policy of capacity provision is given by (20). It is important
here to remember that (16) and (18) constitute necessary conditions for the existence
of the singular control V¥.

Equation (16) implies that, for all the values of ¢ along a singular arc, the
application of V¥ will produce a level of capacity k*(f) at which the marginal benefit of
capacity A* (¢) exp (pf) is equal to the marginal cost of capacity f}. In addition, if we
put (18) as

—Cuy() = pfe (32)

we find that, along a singular arc, capacity is provided in such a way that, at each time
t, the marginal reductions in operating costs produced by the last unit of capacity are
equal to the rental value of the cost of providing that unit of capacity. We can think of
(32) as the Marglin naive static rule (Marglin, 1963) applied to the marginal unit of
capacity. In that case (32) tells us that the next unit of capacity will be provided at a
time ¢ at which the present value of a perpetual stream of benefits, at the immediate
rate—C,q(?), equals the construction cost of that unit.

Sie=—1Cig()/pl. (33)

The construction cost of the next unit is the marginal cost of capacity f;. This rule
applies to all the units of capacity provided along the singular arc. It is also interesting
to note that (24) can be put in the form

7
o CCa =) 20 (34)

which is a second order condition, with respect to k, for rule (32). The term in
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FIGURE 4.

Optimal Policy Combining “Bang-bang” and Singular Controls

parentheses in (34) is the net benefit, at time ¢, of providing an additional unit of
capacity at that time. Therefore, condition (24) ensures that conditions (32) leads to a
static maximisation of benefits at time ¢.

4.3 Combined policies

In general, policies in almost any real case will be combinations of bang-bang and
singular arcs, as shown in Figure 4. Those sections of f(k) that present constant or
decreasing economies of scale will generate singular policies of fine tuning; bang-bang
policies will appear when the capacity function shows large economies of scale, or
when, as we will see below, it is necessary to reach or leave a singular arc.

A dynamic policy can also be represented by a path in the positive quadrant of the
space of state variables (g, k). Bang-bang policies are easily represented in this space
by horizontal or positive slope lines, according to whether the value of V* is 0 or M.
An expression for the singular arc can be obtained from the necessary condition (18).

For any particular case, this is an equation in g and k that defines a unique line in
(g,k). 1t specifies the points, or states of the system, for which condition (16), which
defines the singular arc, holds. Given condition (24), this line will always have a
positive slope for ¢ > 0. A singular arc is shown in Figure Sa. It divides the space (g,k)
into two half-spaces; states of the system represented by points located below the
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singular arc correspond to situations with capacity values lower than optimum, and
points located above the singular arc to higher values. The bang-bang arcs shown in
Figure 5b provide optimum paths to get on to or to leave the singular arc. For
bang-bang arcs with V* = M the slope is given by:

dk [dg .
dk/dq =\— | ——|= M/ 35)
7 (dt / dt) 7 (
which is always positive for q > 0. If q = 0, the arc becomes a vertical straight line in
(g,k). Given a constant value of M, the slope will change with the value of ¢,
decreasing when the latter increases and vice versa. In Figure 4 the AB portion
assumes ¢ constant.

We can see from (11) and (13) that the final state of the system, at time 7, can only
be over the singular arc if

v, (1) exp (— pT) = fi exp (— pT). (36)

This condition will always be satisfied for T = oo, but generally not if 7T is finite. In
particular, if the residual value of the facility y is equal to zero we will have, for any
finite value of T,

A< frexp (—pT), /i >0.

If (36) does not hold we will have to leave the singular arc at some time ¢ before T,
in order to satisfy the final conditions (also called transversality conditions) of the
problem.

5. HOMOGENEOUS OPERATING COST FUNCTION

Writers on transport economics usually assume that the operating cost function C is
homogeneous of degree zero (see Keeler et al., 1975). This is equivalent to assuming
that the indiviual operating costs are dependent only on the volume—capacity ratio of
the facility. In analytic terms it implies, under Euler’s theorem on homogeneous
functions (see Allen, 1971),

Cik+Clg=0 (37)

and taking the derivative of (37) with respect to k, we obtain

Ckkk = (Ck + quq)- (38)
Then, if we use (38) in (20), we get

Ve = g {Cuk/(Ciaq + fiaP)} 39)

which gives an explicit expression for the optimum amount of capacity to provide per
unit of time, when the operating cost function is homogeneous and singular policies
are possible (f;, must satisfy (24)). Nearly all the results hitherto published refer to this
special case, yet no explicit expression has been provided for the optimum investment
as given in (39).
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=V, and singular controls
FIGURE 5

Optimal Policies in (q,K)

To understand the implications of V¥ in this case, we can use (37) in (18) to obtain

(C,)q = p(kfy) (40)

which must hold for all ¢ along a singular arc. As C,q is equal to the congestion costs
produced by each user of the facility at time ¢, expression (40) says that, along a
singular arc, the capacity k provided at each time ¢ should be such that the congestion
costs produced by each user, multiplied by the number of users of the facility, are equal
to the rental value of the facility when we use a unitary cost of capacity equal to the
marginal cost of capacity. If each user of the facility is charged a toll of such an
amount that the total cost perceived by him is equal to short-term marginal cost, (40)
leads to the well-known result that, if constant returns to scale exist in the construction
of capacity, the total income collected from congestion tolls will just cover the total
rental costs of the facility, or

(Coq)q = pf(k), f(k) = k. 41)

This condition must be true for each time 7 along a singular arc. If there are decreasing
returns, for all possible values of %, f, > 0, and then marginal cost tolls will yield an
operating surplus, per unit of time, along a singular arc. With increasing returns, on
the other hand, there will be a deficit per unit of time. Nevertheless, we must remember that
for this last case V¥ will be a candidate for an optimum policy only if (24) is satisfied,
or, in other words, if the increasing returns are not too strong. In any case V¥ given
by (39) constitutes an explicit expression for the implementation of the policy stated
by (40). A general expression that does not depend on the assumption of homogeneity
for the operating cost function C was given in (20).
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6. CONCLUSION

A dynamic formulation of the problem of provision of capacity in public facilities,
subject to congestion of use, has enabled us to obtain a complete and explicit
characterisation of the corresponding optimum investment policies. This is impossible
with the traditional static formulation of the problem.

Whenever possible, the best policy will be to follow the singular path that gives the
optimum relation between demand g and capacity k. The equation of the smgular path
and the optimum investment policy that allows us to stay on it were given in (18) and
(20). This last expression was not available before; it is completely general and does not
depend on specific assumptions about the functions fand C. Bang-bang arcs provide
the optimum way to reach or leave the singular path. Using the necessary conditions
that must be satisfied on singular path, we gave economic interpretation to singular
policies and showed that the general result obtained conforms to investment rules laid
down by earlier writers.

Nevertheless, we also showed that, when the capacity function f(k) shows large
economies of scale, bang-bang policies will give the optimum solution.

APPENDIX
Sufficient Conditions for Optimality

In Section 3 we found investment policies ¥ * (¢),2¢[0,T], that satisfy the necessary
conditions for optimality specified by the Pontryagin maximum pr1n01ple Here we will
specify the circumstances under which those policies produce a maximum value of the
objective function J(V(2)). In other words, we will study the sufficiency conditions for
our optimisation problem. For this purpose we will use the Arrow sufficiency theorem
for optimal control problems (see Seierstad and Sydsaeter, 1977).

The Arrow sufficiency theorem, applied to our problem, says that the policies
[V*(£),k*()] obtained in Section 3 will lead to a maximum of J(V(?)) in (5) if H*(k,4,?)
is concave in k, for all ¢ € [0,T], where

H*(k,A,t) = max H(k,A, V1) (A1
Ve

In our case we have three different expressions for H*(k,4,f) depending on the
expression of the optimal control V*. These are:

(a) Bang-bang control with V* =0

H* = (U— C) q exp(—p1) (A2)
(b) Bang-bang control with V* =M
H* = (U — C) q exp(—pt) + MI(A(t) — fiexp(—pD)] (A3)
(c) Singular control, V* =V
H* = (U — C) g exp(—pt) + VIA(®) — frexp(—pD)]. (A4)

Remember that in this case A = f; exp (—pt) for all ¢ along the singular arc.
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The function H* will be concave in k if its second derivative with respect to this
variable is non-positive. For case (a) we have from (A2) that:

H, = —Ciuq exp(—pt) (AS)

and therefore H* will always be concave for this case, since, under assumption (1), Cy,
will always be non-negative. In other words, for bang-bang policies with V* = 0 the
necessary conditions provided by the maximum principle are also sufficient for
optimality.

Now, for case (b) we have from (A3) that

Hy = —(Ciug + frauMexp(—pt) (A6)
and H* will be concave here only if
Cud + S 2 0 (A7)

Under assumption (1), this condition will always be satisfied for capacity production
functions f with a non-negative third order derivative f,,,. Therefore for those
functions the necessary conditions will also be sufficient for optimality. Nevertheless,
if 1. is negative, (A7) defines additional conditions that the policy obtained from the
necessary conditions must satisfy in order to be optimal. In particular, (A7) imposes
the following constraint on the value of M:

M £ —q(Crplfrad (AB)

where the right-hand side is positive because ¢ > 0,C,, = 0 and f},;, < 0. Now, as we
are analysing the case V* = M, for which H} > 0, it is obvious that the value of the
Hamiltonian will increase as V* increases. Nevertheless, we can only increase ¥* until
it reaches the value —q(Cy,/fi«)> because beyond that value the necessary conditions
are no longer sufficient for optimality. Therefore, for the case in which f;,, < 0, the
maximum possible value of the Hamiltonian corresponding to a control that satisfies
the sufficiency conditions is obtained by choosing

V=M if M < —q(C S x> (A9a)
V*=—q(C kk/j;(kk) ifM > —q(C kk/-f;ckk)’ (A9b)

which provides the expression for the optimal control in the case Hf > 0, when

Sk < 0.
Finally for case (c) we can obtain from (A4)

Hiy=—(Cug + Vs fuwdexp (—pt) (A10)
and H* will be concave if
Cold + VS 20 (Al1)

Therefore, we have a similar situation to case (b), in which if f;;, < 0 the optimal
control will be given by

=V, if V < —q(Crlfrads (Al2a)
V* = —q(Culfiaed I Vs> — a(Cralfiad)s (A12b)
where V is given by expression (20).
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