A DISAGGREGATED TRIP DISTRIBUTION
MODEL WITH ELASTIC FREQUENCIES
AND EXPENDITURES

By Frank Southworth*

1. INTRODUCTION

Tobuild a model of the transport system it has been common practice to recognise,
and to treat sequentially, the decisions on how often, how far, by what mode and
by which route to travel. Models such as the SELNEC transport model [16] term
these separate modelling phases respectively the trip generation, trip distribution,
modal split and route assignment sub-models. Each of these sub-models recognises a
decision which confronts the traveller. One aim of a computerised model of the
transport system is to link these interwoven decisions in an acceptable manner. This
1s usually accomplished by working back through the various sub-models. The
modeller must, for example, derive the costs of travel by mode given destination and
route choices; yet a choice of route or destination is likely to be a function of modes
available to the traveller. The full model is therefore run with provisional travel
costs (including travel times, monetary costs, and so on) until the model estimates
“settle down” to some acceptable solution for all choices. Much has been written
and published on the nature of the links between the trip distribution, modal split
and route assignment sub-models (see for example [2], [15], [12]), but no successful
model has yet been constructed to connect the trip generation sub-model to the trip
distribution sub-model. That is, the link between trip frequency and the ease of
travel needs investigation. In what follows, an attempt is made to connect these
two sub-models.

The ideas of Wilson [14] form the basis on which empirically validated connec-
tions are drawn between the relative spatial accessibility of origin locations, as
measured by the balancing factors of the trip distribution model, and the origin-
specific costs of travel. These travel costs are in turn regressed against the frequency
of trips from different origin zones. The estimated regression functions, also broken
down by tripmaker type, can then in principle be used to predict the cost-decay
parameters of the trip distribution model (as they appear in the spatial accessibility
measure). These model parameters could then become intermediate variables, and
could be estimated as a function of the parameters of the regression model.
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2. MODEL STRUCTURE

2.1. Trip distribution and disaggregation

Trip origins are estimated as a function of the characteristics of the households
resident in a given zone. Using the results of a category analysis model (Wootton and
Pick [17], as developed for this study area by Goodman [4]), we have information
on 108 different categories of trlpmakmg households. Stated briefly, the number of
trip origins by household category 4 is given by

07 = n()T(h) (1)

where n,(#) is the number of 4-households in zone i, and 7 (&) the trip-making rate
of those households. It is the intention within this paper to show how to make full
use of this information at the distribution modelling phase. O is taken as the number
of trip origins by category £, and we will not here disaggregate the destination end
of a trip, but simply use the aggregate totals for each zone, denoted by D;. We thus
have available the two ‘“‘mass” terms of the usual gravity model formulation. The
intervening effect of distance upon such weights is measured in terms of a generalised
cost of travel, following the example of the SELNEC study: that is,

y,i(j = dlt’icj + dz(f’i(j + d3w + a4dk (2)
where #; = travel time from : to j by mode £, in minutes

¢f, = waiting time from ¢ to j by mode £, in minutes

w,;; = walking time from ¢ to j by mode £, in minutes

ds; = distance from i to j, in miles

ay, @z, a3, and d¥ are parameters; their values were based upon the findings of a
previous study [6].
Trips are distributed using a production-constrained spatial interaction model of the

type:
T} = A}0'D; exp (— fic};) (3)

i lJ
where T4 refers to the number of trips from 7 to j by tripmakers in household cate-

gory h, and ¢, the generalised costs of travel for such tripmakers. The balancing
factor A is

= [X D exp (= fieiy)]” ! (4)
Jj oJ
and ensures that
Y, Th = 0} (3)
J

We are especially concerned here with the parameter vector f;, which produces the
most probable set of trlps T%,. This is obtained by solving the followmg constraint
upon trip costs by origin zone ¢ (which is the appropriate maximum likelihood
equation):

Y Ty = Ct (6)

ijvij
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C' refers to the total expenditure (in generalised cost units) on travel by tripmakers
in category /, resident in origin zone ¢. The model given by equations (3) to (6) has
been shown [13] to result from the maximisation of an entropy function:
§=—-TYJI T4 (7)
ijh
where 7 is the total number of trips in the system.

We shall return to this point later when we consider model calibration. An
iterative procedure is used to calibrate the model. This involves using an observed
modal split within each category #, to estimate suitable mean trip costs by £ and 7 by
“averaging” over modal costs (and later for use in the regression equations (10) to
(18) below). It is the modal costs y§;, which are measured, and so it was necessary to
relate these to ¢f;:

¢y =S (V) (8)
In order to make full use of the data available we may obtain a good estimate of
“average” costs of travel for category £, using the observed mode split M! as weights:

exp (— ’:5?1) =ksM%) M’:Jh eXp (_ﬂ’;’yﬁ) (9¢

where keM(h) refers to all modes available to tripmakers in category 4. While
other means of weighting the yf; may also be used ([15] chapter 9, [12]), it was
decided to make full use of all the information available in order to perform calibra-
tion of the distribution model.

We thus have a model structure which hinges strongly upon the definition of costs
by tripmaker category /; note that this depends upon the estimation of the f” para-
meter vectors. We begin by estimating the best fit f parameters, averaging over all
origin zones in the usual way. It should be noted that a re-calculation of all the A"
factors is necessary after we have estimated the f% values for each origin zone .

2.2. Elastic trip frequencies and elastic trip expenditures
Wilson [14] suggests that the utility derived by tripmaking households of type #
from the travel they ““consume” may be stated generally as:

UM = UMCEr ..., 0%h gAY (10)

where M" is the income available to tripmakers of household type 4; OP" is the
number of trip origins in 7 and / for a specific purpose, p, and C?" is here the monetary
expenditure on travel for given p, A, i (that is, generalised costs of travel less the
walking, waiting and travel time factors given in equation (2) above). The variables
X", x5" . . . represent a set of factors “‘exogenous” to the transport system itself. We
are thus treating transport, or the number of trips, as a good which tripmakers with
different characteristics purchase in different quantities through their expenditures
on travel. In order to measure the elasticity of this expenditure and frequency, use is
made of multiple stepwise regression, plus appropriate curve-fitting routines. We
here analyse the relationships, as they vary by origin location and household type
h, between trip frequency, monetary expenditure, and levels of relative accessibility
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to the appropriate destinations. The accessibility of the residents of type 4 in zone ¢
to opportunities throughout the region is given as:

& =Y D8 exp (— B'RY) (1)

Such relative accessibility terms can be derived directly from the disaggregated
distribution model given as equation (3) with a purpose label added, the a?" term
being simply 1/4%". Stated generally, the travel demand functions we are investi-
gating, which arise from the development of U” in (10), have the form:

CPh = CP* (" ..., 8" ) (12)
and
OPt = OB (@M. .. G ... P, M") (13)

where P is a price index of other goods relative to transport, and where C?" will
henceforth be used to represent monetary travel cost only.

We thus have an important link between the distribution and generation phases
of a transport model, because the origin-specific cost decay parameters 2" appear
in the &" terms in these demand functions. In Figure 1 the nature of this linkage is
shown. The numbered intersections 1 to 5 in this figure each represent a separate
modelling exercise. Intersection 1 relates to equation (8) above, intersection 2
relates to equation (11), intersection 3 to equation (12), and intersection 4 to equa-
tion (13). The trip distribution model is represented by intersection 5.

Stable relationships between the C%" and 02" quantities and associated indepen-
dent variables in equations (12) and (13) are more likely to be evident with
normalising to take account of different zonal population size. So we define the
quantities

e = CPH} (14)
and
Q= O™ HY (15)

representing average monetary expenditure and frequency measures, respectively.
(H?% is the household population within household type /4 in origin zone i.) Every
household included has at least one worker. No specific disaggregation to encompass
multi-worker households was included in the tests reported below, though such a
breakdown has been used in other work using the same model on other Leeds data
(see [8]) with no significant distortion of the results. The equations actually estimated
are:

Qh = ¢ + bIE" (16)
and
" = VP[] + exp —(a + b. In &")] (17)

which is a logistic form with V?* as the upper asymptote of I'?*. Equation (17) is
transformed for the purpose of linear regression to the form:
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Ln [T2"/(VP* — T2"] = a + b.Ln&" (18)

The natural logarithm of &" was taken because of the very high values which such
factors can attain relative to either averaged trip frequency or expenditure. The
logistic form of equation (17) is used to ensure that a saturation level will be reached
when we consider travel expenditures. In the next section we show how this works
in an empirical example.

3. AN EMPIRICAL EXAMPLE:
THE 1966 JOURNEY-TO-WORK IN LEEDS

3.1. Data for the study area

The chosen West Yorkshire region comprises eighty-one zones, centred upon
Leeds. The zones are the areas of local authorities, except for further breakdown
within Leeds and Bradford. The Leeds county borough is partitioned into the
twenty-eight wards of the city, though Bradford, more crudely, has only four traffic
zones. Modal trip data was taken from the Normal Work Place and Transportation
Tables in the 1966 Sample Census Returns. Disaggregated trip origins, O}, were
taken from a category analysis model built for the same zoning system [4]. Two
modes of travel are considered : private vehicles (comprising private motor-cars and
motorcycle-sidecar combinations) and public transport (bus and train). All other
trips were abstracted from the data set. A single trip purpose, work, is considered,
and the trips are “twenty-four hour” commuting journeys. Modal cost matrices
were constructed by members of a research team within the Institute for Transport
Studies, Leeds University, using generalised cost equation (2) (see [1]).

One serious data problem remained: the lack of a truly “observed” 7% matrix
(referred to here as N*¥). Rather than wait for such data to become available, it

was decided to generate an estimate of N/, using a balancing factor model of the

form: ,

Nt = AYOBET, P(k|) (19
where

At = [Y BTHP(RIR] (20)

Jk
and
BY = [Y 4204P(kl)] ™! 1)
h

P(k|h) is the probability of taking mode £, given that a tripmaker is in a household
of type 4. These conditional probabilities were themselves estimated from surveyed
information in the West Yorkshire Transportation Study [9] and the M.A.L.T.S.
Study [10].

3.2. Calibration, testing and level of resolution

The three topics of this section are strongly interwoven. Strictly speaking,
“calibration” of the model includes both derivation of the distance-decay function
parameters, %, and the cost coefficients a; to af. These latter, for the purposes of
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this study, take values based upon previously derived SELNEC results, as noted

earlier (see [6]). The calibration statistic used to derive the best-fit % values takes

the form:

Minimise O, (T Z %) z (Neh) /Z M) (22)
J

where N is the surveyed or “observed” number of trips from 7 to j for group #.

Equatlon (22) may be abbreviated as:

Minimise |%(Model) — & (Survey)| (23)

where ¢ is the average cost of travel in generalised cost units for household type .
Minimisation was accomplished by a Newton-Raphson iterative procedure. To
this statistic, which may also be seen as a goodness-of-fit measure, were added the
others listed in Table 1. In all cases, as would be expected, the fit of the model to
observed data improves from the use of a f} parameter for each origin zone in
preference to a regional " Table 2 contains the set of calibrated " values.

Of the one hundred and eight household categories provided by the category
analysis model, the trips were aggregated to form six tripmaker (household) groups.
From the original disaggregation into three car-ownership, six income and six
household (employment) structure categories, we distinguish three income scales
instead of the usual six (<£1,000, £1,000-£2,000 and > £2,000 per annum) and
a car owner-non car owner binary split. Breakdown by household structure
characteristics was abandoned because we had insufficient information of the type
used in section 3.1 to obtain P(k|4). Indeed, the use of the balancing-factor technlque
to estimate V% as a surrogate for complete data coverage suggests caution in the
comparison of results for different 4 categories. In practice, as trip length increases,
the mode split probabilities are more likely to favour the car for higher income groups.
This effect is referred to in the next section.

3.3. Travel demand functions for Leeds in 1966

From the 81 zones in the full West Yorkshire Study Area, only the 28 Leeds zones
are used here to regress the normalised factors of trip frequency and expenditure
against each other, and against the natural log of the accessibility terms, a. Regres-
sions on the full regional system have proved initially less useful, because of such
intluences as the large variation in zone sizes and poor external zoning system, and
the probability that the B parameters (see Table 2) are affected by a variety of
factors besides trip frequencies and costs. Further investigation at this regional scale
is necessary before stable relationships can be proposed. We thus concentrate here
upon what is, in effect, a Leeds model with an extremely detailed external zoning
system.

This decision to look at Leeds in its regional context brought out some lnterestmg
implications of the definition of relative accesmblhty measures defined earlier in
equation (11); it is repeated here for convenience:

ZD exp (—Bicy) (24)
‘The more usual measure of relative accessibility proposed by Hansen [5] is
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TABLE 2

Origin-specific Cost-decay Parameters, Bt for the Leeds Study Area

Lone No. Trip Group
1 2 3 4 5 6

1 City 0.31193  0.31798  0.32043  0.29114  0.30007  0.28244

2 Wellington 0.19939  0.19892  0.19390  0.21495  0.21328  0.18947

3 Westfield 0.14984  0.14778 — 0.14718  0.14892  0.14575

4  Hyde Park 0.14792  0.14834  0.14624 0.17476  0.17657  0.17151

5  Meanwood 0.17811  0.17986  0.17856  0.21081  0.21613  0.21548

6  Headingley 0.17205  0.17008  0.17176 ~ 0.22105  0.22331  0.22014

7 Blenheim 0.14300  0.14202  0.14051  0.14466  0.14485 0.14114

8  Woodhouse 0.16370  0.16232  0.16016  0.19937  0.20351  0.19027

9  Moortown 0.16895  0.16804  0.16650  0.23307  0.22615  0.20744
10 Potternewton 0.13802  0.13948  0.13841  0.17313  0.17735  0.16878
11 . Allerton 0.17224  0.17329  0.17050  0.21511  0.20908  0.19703
12 Roundhay 0.17201  0.17360  0.17106  0.21919  0.19963  0.17869
13 Richmond Hill 0.16506  0.16227  0.16340  0.16317  0.16066  0.15488
14 Harehills 0.15154  0.15286  0.15163  0.16640  0.16806  0.15805
15 Burmantofts 0.16165  0.16001  0.16134  0.16935  0.17007  0.17272
16  Crossgates 0.18948  0.18723  0.18887  0.20689  0.02970  0.21032
17 Halton 0.17586  0.17762  0.17617  0.19368  0.20968  0.22419
18  Osmondthorpe 0.16268  0.16154  0.15949  0.19089  0.20493  0.21153
19 East Hunslet 0.18067  0.18263  0.17738  0.16528  0.17169  0.15964
20  Hunslet Carr 0.16617  0.16274  0.16103  0.14245  0.13484 e
21 Middleton 0.22413  0.22040  0.22404  0.18034  0.20921  0.23647
22 Holbeck 0.16904  0.16575  0.16624  0.24500  0.23900  0.23645
23 Beeston 0.19035  0.18673  0.18811  0.19653  0.21029  0.21013
24 Wortley 0.22995  0.23080  0.22847  0.24500  0.26496  0.26858
25  Armley 0.19377  0.19116  0.19251  0.20862  0.20080  0.18874
26 Bramley 0.21468  0.21342  0.21092  0.24500  0.23800  0.21715
27  Kirkstall 0.20139  0.19937  0.19633  0.24500  0.26127  0.26206
28  Stanningley 0.18810  0.18594  0.18590  0.24500  0.23800  0.23645

a" =) D, exp (—f") (25)
i - J p *7ij
Jj

The regressions were carried out with each definition in turn. The introduction
of an 7 subscript to the f parameter has allowed mean trip expenditures to vary by
origin zone. This has the effect of redefining the levels of accessibility available to
tripmakers in different origin zones, because a reduction in %, and hence a rise in

%, will serve to reduce a?, and vice versa. This leads to a re-ordering of the spatial
accessibility indices across the set of 7 zones. When £ is used, the accessibility index
is making use of a frictional effect on distance which has been averaged over all
locations within the boundaries of the study area. When " is used, the friction factor
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TaBLE 3

Regression Results using Regional B, Parameters in the Distribution Model

A. Regressions of I'" on Q"

Trip Indep. R? St. Error  Regression Regression St. Error  F. Ratio*

Group of Est. constant, a slope, b -
1 I 0.687 0.024 0.20696 0.05541 0.00731 58.745
2 r; 0.712 0.027 0.24714 0.05570 0.00699 66.621
3 r; 0.817 0.023 0.19885 0.06711 0.00642 115.125
4 r4 0.675 0.026 0.23322 0.10500 0.01510 55.600
5 r; 0.669 0.030 0.26457 0.10838 0.01570 53.108
6 re 0.758 0.026 0.20211 0.12650 0.01562 76.120

B. Regressions of In a? on T

Trip Indep. R? St. Error  Regression Regression St. Error  F. Ratio*

Group of Est. constant, a slope, b
1 In a 0.648 0.691 14.78708 —2.01392 0.29143 47.755
2 In af 0.617 0.640 11.89184 —1.71207 0.26448 41.905
3 In a} 0.590 0.621 10.92713 —1.51300 0.27893 40.200
4 In a} 0.730 0.558 26.89347 —2.91730 0.34771 70.395
5 In q} 0.718 0.571 29.68131 —3.13598 0.38583 66.063
6 In af 0.583 0.461 22.25183 —2.33631 0.38733 36.382

i

*All valuses significant at the 99 per cent level.

is a result of only those trips which are actually made by the residents in a given ¢
zone. This can produce problems of calibration and estimation. For example, there
is a noticeable ‘‘sink-hole’” in accessibilities for Central Leeds residents (zone 1)
when the ff definition is used. This is shown visually in Figure 2, for trip group 1
(<£1,000 p.a., non car-owners). A similar effect holds for all six groups. This
contrasts markedly with the results of using the Hansen measure in equation (25)
(see Figure 3). While the extent of this sink may to some extent be attributable to an
understated “congestion’ effect on central zone costs, a clear difference does exist
between the two measures. There is a considerable concentration of jobs in central
Leeds (some 16 per cent of all vehicular work trips in West Yorkshire in 1966 went
to the central zone), so most work trips of central area residents are very short intra-
zonal journeys which produce a noticeably high %, thus reducing the accessibility
index. In contrast, a measure of a” using £ fulfils a different role for such a zone. The
high f% value relates to a relatively few tripmakers who may be seen as requiring
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TABLE 4

Regression Results using Origin-specific ff Parameters in the Distribution Model

A. Regressions of I'% on Q!

Trip Indep. R? St. Error  Regression Regression St. Error . Ratio*

Group of Est. constant, a slope, b
1 I 0.698 0.023 0.20711 0.05559 0.00718 59.941
2 r; 0.722 0.026 0.24755 0.05581 0.00679 67.510
3 r; 0.824 0.023 0.19936 0.06729 0.00621 117.375
4 r} 0.685 0.026 0.23312 0.10660 0.01417 56.603
5 r; 0.676 0.030 0.26487 0.10948 0.01487 54.203
6 re 0.767 0.025 0.20251 0.12896 0.01463 77.730

B. Regressions of In a" on T

Trip Indep. R? St. Error  Regression Regression St. Error  F. Ratio*
Group of Est. constant, a slope, b
1 In 0.690 0.646 13.14738 —1.45674 0.19539 55.585
2 In a} 0.677 0.581 11.70709 —1.28365 0.17718° 52.490
3 In a} 0.634 0.529 10.71753 —1.19945 0.18600 41.585
4 In af 0.721 0.538 14.97486 —1.50255 0.18706 . 64.523
5 In ] 0.586 0.663 = 12.92957 —1.27700 0.21481 25.342
6 In af 0.657 0.379 10.95156 —1.08728 0.16045 45.919

*All values significant at the 99 per cent level.

a very large incentive to pass up the numerous “local” jobs in zone 1. Defining
accessibility using B} produces large residual errors in the regression equations cited
(Tables 3 and 4). It is significant that all the zones which contributed noticeably to
residual error were of the type with strong “regional” (as against “‘intra-Leeds”)
connections (zones 3 and 7, with large numbers of non-local destinations, and zones
21 and 28 with connections to Bradford and elsewhere).

The differences in mean trip costs by origin zone (as reflected in the S values of
Table 2) are considerable. The differences between trip-making groups is, in con-
trast, less marked (though statistically significant for many origin zones). This may
be due in part to the conditional probabilities used to estimate V% using equation
(19). With accessibility defined in terms of % we get the results shown in Table 4 B.
Regressions using the Hansen measure of accessibility given in equation (25),
using the f parameters, yielded the results shown in Table 3 B. Specific functional
relationships for the six groups show, for both model runs, a less elastic relationship
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FIGURE 2

The natural log of accessibility to work destinations in West Yorkshire for
tripmakers in Leeds—Trip Group I (Different cost—decay parameters
assumed for each origin zone)
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FIGURE 3

The natural log of accessibility to work destinations in West Yorkshire for
tripmakers in Leeds—Trip Group I (The same cost—decay parameters is
assumed for all origins)
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between accessibility and travel expenditure with increased income. Within each
income group separately, car-owners display more elasticity of expenditure, per
household, against accessibility levels when the Hansen-type accessibility measure
is used (Table 3 B) ; but car-owners tend to have slightly lower elasticities of expendi-
ture per household with respect to spatial accessibility when the origin specific f"
parameters are introduced to @@*. The results of regressing QF against I'? (using
and B! calibrations and accessibility definition respectively) for each trip group / are
shown in Tables 2 A and 3 A. These results show the obvious inelasticity of the
journey-to-work with respect to travel expenditures, and a lack of significant
distinction between income groups resulting from the necessity to work. Fits in all
cases were marginally improved by using the ! vectors in calibration, without
significant alteration of the regression equations. Interpretation of all these results
must, however, consider a number of possible effects caused by modelling choice.
Thus, the inclusion of a modal-choice weighting in the formula for C%; contributes
to the noticeably lower expenditures per head of household population in the
higher-income, car-owning groups. Clearly, different results would follow from, say,
the inclusion of a group 4 specific valuation of time factor within the C? variable
(car-owners generally being assumed to place greater value upon travel time
savings). Whereas all the i values in Table 1 show the expected trends (i.e., a lower
B with increased income and car-ownership), the model estimates are necessarily
biased by a failure to obtain sufficient information relating change in travel mode
(and therefore in the behaviourally defined travel costs, ¢f;, of equation (9)) to
journey distance as it varies between groups. More detailed household travel survey
information will rectify this. For this reason, however, no further tests were carried
out to determine the significance of differences in regression slopes and constants
between trip groups. Such tests (see, for example, [3]) must await the results of using
better survey data. In this way, also, the validity of our balancing factor model
given by equations (19) to (21) can be tested.

Clearly, however, relationships of the general form postulated in section 2.2 do
exist. Better fits would probably result from full information concerning household
populations by origin zone. Averaging techniques based upon family size informa-
tion may prove useful here. In spite of this problem, however, all R? values and F
ratios were statistically significant at the 99 per cent level for both £ and f* model
regressions. Regressions of In 4} on Q proved statistically insignificant for the Leeds
case. Indeed, it may not be reasonable to expect any strong connection between trip
frequency and accessibility, at least in an urban context, given the necessity of the
work trip, the possibility of changing job location, and the relative inertia against
movement at the residence end of the trip.

Comparison of the regressions on expenditure against accessibility, using the two
accessibility measures, displays ‘‘movement” of the curves towards higher 4! values
when using the B! parameters. This results from the significantly lower ! values for
Leeds wards compared with the “averaged” regional ff values given in Table 1,
and including the travel patterns of all the eighty-one West Yorkshire traffic zones.
This gap between the two plots is noticeably wider for the three non-car-owning
groups. Captive public transport riders make up these groups, and these tripmakers
generally paid 1.5 times more in generalised cost terms than the private transport
users, or than public transport users in many other parts of West Yorkshire.
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4. SUMMARY

The modelling framework constructed above is clearly open to the investigation of
any trip purpose. The journey-to-work was taken initially, purely upon the availa-
bility of data. It is likely that more interesting and useful results will accrue from
investigation of such trip purposes as shopping and recreation. (See [8]).

Besides the establishment of a more detailed data base, however, further improve-
ments to the model framework suggest themselves. Investigation of C? as the purely
monetary aspect of generalised trip cost may be extended to include the effects of
time costs upon the demand structure. Deeper explanation may also be achieved
by the incorporation of non-transport variables within the regression formulas of
section 3. There are clearly interesting questions on measurement of travel acces-
sibility, and it may be useful to compare the ¢" as defined above with yet other
traditional measures of accessibility. A strong link between trip distribution and
generation (and mode split) is established within the paper. The results can be used
as follows. In a forecasting situation, accessibilities, ", could be calculated, using an
“old” or estimated S (or f), and equation (16) solved for I"* and equation (17) for
Q. This gives estimates of the monetary parts of C* and 0" respectively. The other
components of C} can be added, and then forecasts of B can be calculated in the usual
way. Thus, the parameters of the model system are those of the I " and Q" regression
equations, and f is now an intermediate variable which can be calculated, rather
than a parameter of the trip distribution model.
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