OPTIMAL SCHEDULING OF TRANSPORT
IMPROVEMENTS TO CATER FOR
GROWING TRAFFIC CONGESTION

By D. J. Buckley and S. G. Gooneratne*

Any analysis of a proposed investment in a transport improvement, such as an exten-
sion or improvement to a road or port, should take account of the traffic flows likely
to use the facility. If these flows change over the years, it is perhaps obvious that the
result of the analysis is likely to depend upon the year for which the improvement is
scheduled. Consider the case where the traffic flows and congestion are increasing
over the years. If an early improvement is scheduled, the discounted capital cost
will tend to be high and the aggregated discounted congestion costs will tend to be
low. On the other hand, a late date of construction will result in a tendency towards
low discounted capital cost but high congestion costs. One purpose of this note is to
investigate some aspects of the effect which the construction year and the character-
istics of the traffic growth can have upon the attractiveness of certain types of
investment. We suggest that, for certain purposes, details of the traffic growth are
not as important as intuition might suggest.

We consider cases where traffic flow is increasing and is independent of the
proposed transport improvement. Although our subsequent work does take account
of new generated traffic, the results reported herein do not apply if the improvement
itself generates substantial quantities of new traffic. Since new road traffic is usually
generated by road improvements, and new water traffic is sometimes generated by
port improvements, the cases with which we deal are to some extent unrealistic.
Where there is no new traffic, however, we show that there is no need to consider
the long-term pattern of traffic flow in deciding when to embark on the improve-
ment. All that we need to know is the year (xy) when the unique optimal flow ()
occurs. This is the year when the difference between congestion costs with and
without the improvement equals the cost of the improvement (see equation (5)
below).

'The work was initiated because we were apprehensive about the heavy dependence
of much transport investment analysis on assumptions about long-term secular
trends in traffic flows. Projections 20 to 30 years into the future could well prove
highly inaccurate. What we have shown is that if the investment is to be made, and
if the traffic keeps on growing (and probably in some cases even if it does not keep on
growing), most aspects of the actual mathematical form of the flow-versus-time
relationship do not affect the flow at which the investment should be made. Of
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122



SCHEDULING OF TRANSPORT IMPROVEMENTS D. J. Buckley and S. G. Gooneratne

course, once the optimal flow is calculated, some traffic projections are needed to
determine the optimal year (that is, the year at which this optimal flow will occur) ;
but for investments of practical interest this will only involve short projections. In
other words, the planner’s traffic horizon needs only to be as long as his construction
horizon, and will rarely exceed about five years.

THE NET PRESENT COST ¢(x) AS A FUNCTION OF
THE CONSTRUCTION DATE x

We measure time from the date of the analysis (¢ = 0 or “now””) and assume that
the traffic flow A(f) vehicles (or ships) per annum increases in some fashion with
time ¢, and that the average congestion costs per vehicle are £;(A) and k(%) for
the existing facility (facility 1) and the improved or replaced or supplemented facility
(facility 2, which can include facility 1) respectively when the traffic is flowing at a
rate A vehicles per annum. Both these functions will increase with A, giving a graph
looking something like Figure 1, the precise form of the functions depending on the
particular traffic congestion process in operation and on unit vehicular costs.

k,(A)

k,(A)

Average Traffic Cost per Vehicle (or Ship)

Traffic Flow A Vehicles (or Ships) per Annum

The lower curve relates to the improved facility.

Fig.1. AVERAGE TRAFFIC COST per VEHICLE (OR SHIP)
AS A FUNCTION OF THE TRAFFIC FLOW A
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We assume that all continuing costs flow continuously rather than at the end of
each year, and we assume continuous compounding of interest at an effective
annual rate[7] of 7.

The congestion cost on facility 1 incurred in the interval (¢, t+dt), when dis-
counted to the present, becomes:
M)k [N(2)]dt
(1-+4)"
If we improve the facility at time x (measured in years), the present worth of
congestion costs incurred between now and time x is

FA@) k[ A (0)]dr
c1(x) = f T—H)'—— (1)
Facility 2 is in use between years x and , the latter being at the end of the analysis
interval. We assume 0 < ¥ < 1. Thus the present worth of the congestion costs
aggregated between years x and 7 is

T Mk A(t)]dt
ca(x) = xf —(l*w* (2)
If the capital cost of improvement is K, the salvage value at time = is S, and the
increase in the annual maintenance cost due to the improvement is m, the net
present value of the investment, excluding congestion costs, is
K S J‘ T omdt
I+ A4)7 L) 1+
We assume that § is independent of x.
The discounted present cost of the entire enterprise is given by
o(%) = e1(x) +ea(x) +o3(%)
where x is the year of the improvement and ¢;(x), c5(x) and ¢3(x) are given by

equations (1), (2) and (3).

(3)

e3(x) =

MINIMISATION OF PRESENT COST ¢(x)

If x is small, ¢5(x) will be large. If x is large, ¢;(x) will be large. It seems reasonable
therefore to expect in many cases some optimal value of «, say xo. This is illustrated
in Figure 2, case 1. Figure 2 also shows the two other likely forms of ¢(x), namely, an
increasing function and a decreasing function.

For case 1 we obtain %, (the optimal year of improvement) by assuming ¢(x) to
be a well behaved function, differentiating it one term at a time and equating the
result to zero. We neglect the remote possibility that we are dealing with a maximum
rather than a minimum. The result is

0= 2= 61(x) + % ex() & 2 x)-
M) [A(x)] Ax)ka[Mx)]  Kln(l4d) +m
Hence O=—0rr ~ 0" i)
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Total Discounted Present Cost, c(x)

| |
Xg =0 0<%x,<T Xo=T
{case 2) (case 1) (case 3)

Year x of Improvement
xq is the optimal year of improvement.

Fig.2. TOTAL DISCOUNTED PRESENT COST
vs YEAR OF IMPROVEMENT

Multiplication by (1 +7)* and rearrangement yields
AXk[A(x)] = M*) k[ A(*)] +K In(1 42) +m- (4)
Thus the optimal year is the value of » which satisfies equation (4). It will be noted
that x appears four times, each time as the argument in A(x). Since we confine our
remarks to conditions of traffic growth, it follows that A(x) is a monotonic increasing
function of x. Any optimal replacement year xo will be associated with a unique
optimal flow 2y = A(x). Consequently, it will be sufficient to find a value of A(x) to
satisfy equation (4) and calculate x from our knowledge of the function A(x). We
therefore omit the argument x and obtain the key equation

Mi(2) = Mea(N) +K In(141) +m ()
which needs to be solved for A to obtain the optimal flow.

Hence, notwithstanding the fact that all cost streams have been discounted, the
optimal flow A9 = A(xp) is independent of the pattern of growth of the flow. Although
this is in some respects an unexpected result, it is hardly novel, since analyses equiva-
lent to the solution of equation (5) are fairly commonplace in investment appraisal
of port development, although apparently less so in road planning.
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SOLUTION VIEWED AS A MINIMISATION OF
ANNUAL COSTS

Equation (5) may be interpreted to mean that the optimal flow A is the flow which
generates an equality of annual costs. A flow greater than ) generates higher annual
costs with facility 1, and a flow less than 2 generates higher annual costs with
facility 2. This is illustrated in Figure 3, which therefore shows how improvement
at any flow other than Ay must result in higher annual costs for certain times. In
other words, we have merely shown that the schedule which minimises the total
present cost also minimises the “rate of cost”” at all times during the analysis period—
hardly a surprising result, but a reassuringly simple one when the discounting
implications of unusual traffic growth patterns are contemplated.

It is customary to think of K7 as the annual cost of a capital sum K at an annual
interest rate i. This is based on the assumption that 7 is a periodic payment made,
or cost incurred, at the end of each year. The corresponding term in equation (5),
however, is K In(1 +i). This results from our assumptions of continuously flowing
costs and continuous compounding of interest at an effective annual rate i, the
assumptions which made it possible to adopt convenient integrating procedures to
obtain a solution. When one considers that congestion and maintenance costs are

Focility 1, AK, ()

Facility 2,
AKy(A)+ K n(1+i)+ m

Rate of Cost Expressed in Annual Terms

K tn (1+i)+m|
2 Ki+m

Ao
Traffic Flow A Vehicles (or Ships) per Annum

A,is optimal improvement flow
FIG.3. RATE OF COST vs TRAFFIC FLOW
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really incurred continuously throughout each year, this procedure appears to us to
be preferable to the traditional method based on assumptions of periodic cash flow
and periodic compounding.!

It will be recalled that the differentiation of ¢,(x) with respect to x resulted in the
disappearance of = from the analysis, because 7 is assumed to be constant with respect
to x. It does not occur in equation (4) or (5) or in Figure 3. That is, except for the
restrictions discussed herein, 7 could be set at any value including infinity without
affecting the optimum construction year. The fact that some of the specific functions
which we have chosen below for £;(2) and £,(A) have undefined values for certain
ranges of A does not affect the generality of our results for cases of practical interest.

Although a change in t would not affect the optimal year xo, it would of course
affect ¢(x), that is the present value of the total cost, and its minimum value ¢(xo).

SOME CONGESTION COST MODELS

If the congestion costs are known numerically it is not too difficult to prepare a graph
based on Figure 3 to obtain A,y or to carry out an equivalent analysis by numerical
means. There may also be some merit in taking advantage of the additional generality
available in mathematical modelling of some of these highly randomised congestion
processes. For example, congestion (or queueing) theory can be used to predict
delays and hence costs for future years. In the following sections we will make use
of equation (5) either by substituting specific values of £1(2) and k3(2) or by noting
that equation (5) implies an equalisation of annual costs. -

Duplicating a Shipping Berth

A common problem in planning ports for a growing trade is to decide when an
additional berth is needed. Some specialised bulk loading berths are very costly,
but they usually have very high service rates; and some very large ports in terms of
tonnage throughput, especially the newer Australian iron and coal ports, have
only one or two berths. For example, in the early 1970s the Port Hedland facility
of the Mount Newman Mining Company exported at a rate of over 20 million tons
per annum from a single berth, and the single loader of the port of Dampier achieved
similar tonnages at about the same time.

A number of congestion theory models have been suggested from time to time to
explain these congestion processes from the berth-duplication point of view. We are
not for the present concerned with financial transfers like despatch and demurrage,
but rather with economic costs. ' '

The cost to a ship of delay in port is assumed to be proportional to the time spent
in port [8]. We assume that each berth has an average service rate p ships per
annum, and we use g to denote the cost in dollars per annum of keeping a ship in
port. Hence the annual cost of ship congestion is Ag multiplied by the average delay

1For relatively small interest rates the quantitative differences resulting from the two sets of
assumptions are small, For example, by using tables of natural logarithms it is easy to show that
at 5%, p.a., Kin(1+0-05) = 0-0488K
i at 109, p.a., Kin(14-0-10) = 0-0953K
and at 15% p.a., Kin(1+0-15) = 0-1398K.
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per ship. It can be shown [12] that this annual cost is equal to gn where 7 is the
average number of ships in the queueing system.

Model 1, M|M|1 and M|M|2

Perhaps the most commonly used method of describing congestion at a single
berth is the so-called M/M/1 model [4, 9, 12]. This assumes that ships arrive at
random and that service times are exponentially distributed. The M/M/2 model is
the same [3, 10] except that two berths are used. Each berth can take a maximum
of p ships per unit time. That is, y is the service rate of each berth.

Individual delays in all these congestion processes are very unpredictable, but,
despite substantial randomness in the system, average delays can be estimated. For
the present case we have fairly well known results. We adopt 7#; and 7, for the
average number of ships in the system before and after the improvement respectively,
each of course being a function of A. Hence

_ 0
Mi(h) =gn = lg_—e
_ 449
and 7\k2(7\)=gn2= ﬁ
where 0= >
®

and is the traffic intensity of the single-berth system.
Substitution in equation (5) immediately yields

0 46
16 ~ 7z "4
where A= K’ﬂ%ﬁﬂ . 0)
The quantity 4 summarises all the cost information. Slight re-arrangement yields
0= (A4+1)63—(4+4)62—446 444 (8)

which can be solved for 6 by routine numerical methods. Solutions in the range
0 < 6 < 1 are designated 0, to indicate optimality. Values of g between 2,000 and
7,000 dollars per day [8], of K between 0-5 million dollars and 10 million dollars
and of m between 5,000 and 20,000 dollars per annum, seem common. Equation (8)
has been solved for a very wide range of numerical values of 4 (equation 7), but
values of around 0-5 are perhaps reasonably typical. The lowest curve on Figure 4
illustrates these results. Substantially the same information is shown in Figure 5,
where 3 is given by Ay = uby = 365-256, ships per annum . (9)
That is, Figure 4 is drawn with the service rate for each berth equal to one ship per
day. The quantity 2 is the optimal traffic flow, that is, the flow beyond which the
second berth is justified. 4 is given by equation (7) and is the ratio of the annual cost
of the capital expenditure plus maintenance on the second berth, to the annual
cost of keeping one ship waiting. Not surprisingly, 2y increases with 4. That is, the
higher the port improvement plus maintenance costs, relative to unit ship-waiting
costs, the longer the port improvement should be deferred.
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Fi5.5. CPTIMAL VALUES OF THE SHIP TRAFFIC FLOW A,
FOR VARIOUS VALUES OF THE COST PARAMETER A

Model 2, M|E,|1 and M|E,|2 :

Model 2, also a queueing model, is the same as Model 1 except that it is more
realistic because it assumes an Erlangian service time distribution with Erlang
number 2 [5]. For this case the appropriate functions [12] for substitution in equa-
tion (5) are

Mi(2) = 1—4«
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g(16a+ 2502 — 1403 — 2204 — 8a5)

and : M) = 2(1—20) (24 7o+ 602+ 203)

where o= —% (10)
A

and 6= — as before.
w

Again, fairly routine numerical procedures are used to solve equation (5) for the
optimal values of «. These were converted into values of 6y via equation (10), and
the results are also shown in Figure 4. The optimal traffic flows 2, are calculated by
equation (9) and are plotted in Figure 5. Because Model 2 predicts smaller delays
than Model 1, it is not surprising that it also indicates higher optimal traffic flow
than Model 1 for a given cost structure.

Model 3, M*|M|1 and M* |M|2

Some continuing research by the current authors, reported partially in [6],
suggests that, for the Australian bulk mineral export ports, arriving ships are dis-
couraged by long queues. In Model 3 we assume that the arrival rate is inversely
proportional to (n+1) when 7 is the number of ships in the system at a given time,
but we retain the service pattern of Model 1. The single berth model has been studied
by Cox and Smith [3] and the equivalent two-berth model by the present authors
[6]. The results needed for substitution in equation (5) are

Mi(2) = gm
= —gin(1-0)
and Mo () = gy

ge (5+1) exp (pf2)

1+ exp (p/2)
where p is the arrival rate when n = 0, divided by y, and the traffic intensity at the
single-berth is

o A_ 20cep(e2)—p (11)
w o Lt+pexp(pf2)

Substitution in and subsequent solution of equation (5) for py then follows and
0, and 2 are computed, using equations (11) and (9). Figures 4 and 5 illustrate the
results. Since Model 3 gives relatively low delays under high congestion, 2, and 6,
are high for Model 3 over most of the range. Work is continuing on the empirical
validity of these models. Models 2 and 3 appear very promising. Fortunately, as
inspection of Figures 4 and 5 will confirm, the results for these two models are some-
what the same in the vicinity of 4 = 0-5, which is a reasonably typical value for the
bulk ore trade. That is, 6, is about 06 to 0-7. Lower values pertain in the petroleum
trade, where berth construction and cargo handling capital costs, and hence 4, are
lower [11, 13, 15]. The slopes of these curves are deceptively high. In practice, for a
given port, attention is focused on a narrow range of values of 4 and the result is
less sensitive to 4 than the graphs suggest.
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Urban Roads
It is common in road traffic work to use the number of vehicles per day, usually
the so-called annual average daily traffic or AADT, as a unit of traffic flow. We
employ the one-directional AADT, namely
Q = 1/365-25 vehicles per day.

The annual cost of traffic congestion of all vehicles, that is for both directions of
travel, on an urban surface street of length M miles is A%;(2) in the notation of the
present paper and can be represented [1, 14] by

My () = 175-32M(g1Q +2,Q2 +43Q3) dollars per annum (12)
where two typical sets of values of the g; for a fairly narrow street are
g1 = 48353 x1071 g, =6-3464 X105 g3 =0
or alternatively
&1 = 48353 x1071 g, = —9-249 X106 g3 = 6 x10-9.
The equivalent result for a motorway is
Meo(N) = 175-32M(41Q +£2Q2 +8:Q3 +£4Q4 +45Q%) (13)
Reference [1] suggests procedures for computing the g;. Substitution of equations
(12) and (13) in equation (5) yields
Kin(l41)+m ., P 4 p 4
1(75,32;/1 T (81—81) Q@+ (42— £2) Q%+ (&3 — £3) Q3+ £4Q4 + 45Q5

which is very easy to solve numerically for  once the g; are known. This solution can
be designated @ and is the one-directional AADT beyond which a motorway is
warranted.

Thus far we have assumed that the motorway completely replaces the surface
street and carries all the traffic once it is in service. If however the motorway only
attracts a proportion (say a) of the total traffic, we have the motorway flow equal to

Qm = aQ
and the surface street flow equal to
@ = (1-9)Q
where both @, and @; are one-directional average daily flows. Equation (12) will
remain unchanged but the annual cost on the combined system is

Ma(2) = 175-32M[g1Q5+220% +£3Q3]

+ 175-32M[§1Qm+82Q7 +83Qm + 8495+ 8500

= 175-32M[1(1 —a) @ +£2(1 —2)2Q2 +g3(1 —a)3Q3

+ £10Q +5202Q? +§303Q3 + £4a4Q* + £505Q5] . (14)
Substitution of equations (13) and (14) inJequation (5) yields
e (620 Q + [0+ ga(a—2] Q2
{8302 +5(3a—a2—3)]Q3 + £4a3Q4 + §524Q5.
As with all the road models discussed here, solution of this for the optimal flow @,

presents no numerical problems. For example, it is computationally easier than the
port models 2 and 3 solved above.
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Rural Roads
For two-lane rural roads replaced or supplemented by a motorway a similar
procedure is followed. Cargill [2] suggests that for a two-lane rural road

g1 = 632 x1071, g, = 2-1 1073, g3 = 7-8 x107? and g4 = 4:25 x10-15
or alternatively
g1 = 398 x10-1, gy = 2-83 x1074, g3 = 7-85 x1079 and g4 = 6-75 x10-18,
Thus for the case of replacement of the two-lane road we have the annual cost of
the rural road given by

Mi(A) = 175-32M(g1Q +£2Q% +2:% +24Q4) (15)
and the annual cost of the motorway given by equation (13). Substitution of equa-
tions (13) and (15) in equation (5) yields

Kin(l4i)+m . 3 )
1§5.323\4 +(81—9)Q+ (82—52) Q2+ (83— 83) Q3

+(84—84) Q4 +45Q5
which is of course solved for the optimal value @ = Q,.
For a new motorway which merely supplements the two-lane rural road by taking
some proportion a of the total traffic, we can still make use of equation (15) but the
annual cost on the combined system is

Ma(3) = 175-32M(g1Qs +2Q% +23@5 +2405)
+ 175-32M(§1Qum +£2Q5 + 8@ +84Qn +85Q0)
= 175-32M[g1(1 —a) Q +¢2(1 —)2Q? +83(1 —a)3Q3 +-g4(1 —2)4Q*
+81aQ +£202Q? +£,03Q3 +§4a4Q4 +§50°Q]
which on substitution in equation (5) simplifies to

Kin(l4+)4+m . .
’11'(75.3213‘4 + (81— g1)aQ + (82— 282+ g20) aQ?

+[£303 +g3(1 —a)3 —g3]1Q3 +[faa* +g4(1 —a) 4 —24] Q4 +8505Q5
which is easy to solve for @ = Q.

0:

0=

RELATIONSHIP TO NET PRESENT VALUE

The method developed above is of course based on the minimisation of the present
value of the total cost:
o(x) = e1(x) +ea(¥) es()

where ¢, (x) is the present value of the total congestion cost of facility 1 between time
zero and the replacement or supplementation time of facility 1, ¢5(x) is the present
value of the total congestion cost of the facility 2 between this replacement time and
the end of the analysis period, and ¢3(x) is the net present value of capital, salvage
and maintenance. Equations (1), (2) and (3) set these out mathematically.

An alternative procedure would have been to maximise the net present value of the
investment, that is to maximise

b(x) = by(x) —e3(#)

where b;(x) is the net present vlaue of the congestion benefits. We have
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by(x) = f MOkNO] dt f MOk [A(0)] de

I+ (1+2)

=f ﬂl(lill[%_(it))’ld—t — e1(%) — ea(x) .
We put R XOIAOIR
.N=J ——W

and note that it is independent of x. Hence
b(x) = N—c1(x) —ca(x) —e3(x)
= N—c(x).
Thus the minimisation of the total cost ¢(x) is also the maximisation of the net
present value of the improvement.

DISCUSSION

Thus far we have focused narrowly on one project at a time. If that project is looked
at in isolation and a decision is made to build, the method corresponds to Figure 2
case 1 and indicates when to build. A situation in which such a decision is almost
inevitable would be a situation where traffic flow is expected, some time before the
planning horizon, to reach saturation or near-saturation levels with respect to the
existing facility.

When our solutions yield an optimal traffic flow 2g less than the current flow,
clearly the optimal construction time is now. This is illustrated in Figure 2 case 2,
where ¢(x) is an increasing function in the range 0 < x < r, thus having its minimum
value within the range, at xy = 0. Similarly an optimal traffic flow numerically
higher than the flow at time 7 points to xy = 7 as the solution: Figure 2 case 3. This
latter solution would indicate that the problem can be re-studied nearer to time -,
when more up-to-date traffic forecast data in the vicinity of time r will be available.
Similarly a negative xg (or a 29 solution less than the current flow) would appear to
constitute a prima facie case for investigating a higher level of improvement. The
question of the optimal level and type of improvement could be investigated on the
basis of this work. For example, it is obviously possible that the original decision to
build was not a wise one. Thus, although the net present value (NPV) function
b(x) is indeed maximised at xg, this maximum value and therefore all other values of
b(x) might be too small when viewed in the light of other alternative proposals for
improvement or other avenues of expenditure. Similarly, although a project might
not achieve a peak NPV for some years into the future, even if it is constructed now
its NPV or benefit-cost ratio, say, might be high relative to those of other competing
projects. Budgetary or other limitations will of course influence the planning process.

The terms
Kin(1+2) +m

of equation (5) constitute the sum of the annual capital cost and the annual main-
tenance cost. The former makes no allowance for a write-off interval because we
have assumed that the salvage value S is independent of the commissioning date and
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hence of the age of the equipment at the end of the evaluation interval. We believe
that the results are insensitive to this assumption, especially for those cases, discussed
elsewhere herein, where the evaluations are re-investigated a constant four to five
years before the anticipated commissioning date. This lack of allowance for a
write-off interval can be viewed as follows. Although the cost of the enterprise does
depend upon the salvage value of the equipment, the optimal improvement year
does not, since the salvage value is realised regardless of the year of the improvement.
As discussed already, the salvage value is assumed to be independent of the age of
the installation. Therefore our results will be unaffected if a salvage value of say K
(that is, depreciation is zero) at an age of infinity is considered. Hence no write-off
allowance is evident in equation (5). Of course writing off can readily be accom-
modated by inclusion of an appropriate annual depreciation factor with X in equa-

tion (5). If this is combined with an annual maintenance cost, the assumption that
~ this cost is independent of age is an even better assumption, since many engineering
evaluations suggest that age-induced annual increases in maintenance costs are the
same as annual reductions in depreciation costs. In other words, annual maintenance
costs plus annual depreciation is constant. However, we would emphasise that,
although we are continuing our investigations of these matters and though they are
important from the point of view of framing concepts for the processes, they are, in
most cases of practical interest, quantitatively insignificant.
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