A POSSIBLE ECONOMIGC BASIS
FOR THE GRAVITY MODEL

By R. A. Cochrane*

SUMMARY

Several derivations of the gravity model formulation for trip distribution have been
suggested. The best known is probably that due to Wilson [1], who developed the
doubly constrained model by the maximisation of an entropy function. While this
derivation has considerable mathematical elegance, it does not immediately suggest
any basic economic reason for the success of the model in describing trip distribution
patterns. .

This paper describes an alternative derivation based on the principle that trip
makers choose the trips which provide the greatest net benefit for them as individuals,
and that the wip distribution pattern reflects the overall probability of particular
trips being chosen on this basis. The approach is first outlined for the singly con-
strained trip model, in which the number of trips produced by each zone is deter-
mined a priori, but the number of trips destined to each zone is not. It is then extended
to the doubly constrained model, in which both productions and attractions are
already determined, and the unconstrained model, in which the number of trips can
vary with trip costs. As an aside, the intervening opportunities model is derived as a
special case of the gravity model previously developed. Finally, there is discussion of
the extension of the method to multi-mode trip distribution.

The mathematics used is not intrinsically difficult, but some of the techniques are
likely to be unfamiliar outside statistics, and some of the algebra is a little tedious.
For these reasons, some of the mathematical detail has been placed in Appendices.

THE SINGLY CONSTRAINED MODEL

Singly constrained trip distribution models are those in which the number of trips
originating in any zone is previously determined, normally by means of a trip
generation equation or some form of economic or social household classification.
In addition, the model assumes chat at each destination there exists some factor
determining the relative number of trip possibilities offered by that destination.
Every possible trip is, however, open to any number of trip-makers.

A model of this type could, for example, be applied to shopping trips, where the
shopping facilities (quantified by employment or retail space to allow for size as well as
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number of outlets) determine the relative number of trip possibilities offered in any
zone, but a well-placed shopping centre can attract a disproportionate number of
trips. ‘

We assume that the various trip possibilities in the zones of attraction form a
single population. Mathematically, we assume that the probability of any particular
possibility offering a utility (in money terms) within a given range to a particular
trip-maker is given by a single probability density function.

We do not know the precise value this particular trip-maker might place on any
particular trip possibility, since his tastes are individual and differ from those of
others, but we hypothesise that we can assign a probability that this value will
fall between values u; and u, (see Figure 1). ’

Since we can estimate the cost of any particular trip, we can estimate the
probability that the surplus (the next benefit of any trip after the trip cost has been
subtracted from the basic value or utility) lies between any two values.

The central assumption of the present derivation of the gravity model is that the
probability that a particular trip-maker from one zone will travel to a second zone
is the probability that a trip to that zone offers a surplus (or net benefit) greater than
that of a trip to any other zone. '

The bare bones of the hypothesis should now be appareat. The probability of the
optimal trip for any individual being to a particular zone increases with the number
of opportunities in that zone; and it decreases with distance, since the net benefit is
reduced by the greater cost. We now demonstrate how this hypothesis can be given a
more definite mathematical form, leading to the equation known as the gravity
model. T T Y A OV a5tk sl

First, we consider the effect of the number of opportunities offered by a zone.
Since we are interested in the probability that the best trip choice lies in a particular
zone, we first estimate the probability of the utility of the optimal (highest utility)
trip lying within particular bounds. '
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The cumulative distribution function of the value u of the greatest among n

independent samples from a common underlying distribution is given by ®(x) where '

D(u) = [F(u)]" (1)
and F(u) is the cumulative distribution function of the common underlying distribu-
tion. The reason is that the cumulative distribution function is the probability that
the value is less than or equal to u, and the probability that the best of » is in this
range is identical to that of all » being less than or equal to u.

Now, provided n is moderately large (in double figures at least), ® () is scarcely
affected by the shape of the underlying distribution outside the upper tail (see
Figure 2).

Once 7 reaches double figures, the effect of the upper tail is dominant. For
example, the value of u corresponding to F(u) = 0-75 corresponds to ®(x) = 0-06
when z is 10.

For this reason it is possible to develop an asymptotic (large n) expression for
®(u) based only on the shape of the upper tail.

If the upper tail can be approximated by a simple exponential function, as indi-
cated in Figure 2, ®(u) rapidly approaches the simple asymptotic form:

®(u) = exp[ —ne™™] (2)

This can be demonstrated informally as follows:
If we approximate the tail by an exponential distribution function,

Flu) = 1 —¢™ (3)
O(u) = [F)]" = [1—e7¢™]"
In[®(w)] = nln[l — ™) 4)

Using the series expansion for /z(1 —x), we obtain
n[®()] = —n[e™™ 43 - @™ ]
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If e“™™ is small, as it must be in the upper tail, where the probability is close to
one, the terms in the series beyond the first can be neglected.
Hence
W[®(u)] = —ne @™
~and
O(u) = exp [ —ne ™) @
Although this result has only been demonstrated informally, ®(x) is in fact a
special case of a much broader class of distributions, which can be derived rigorously.
They are discussed briefly in Appendix A, and at much greater length in Gumbel [2].
Provided then that we assume only that the underlying distribution is approxi-
mately exponential in the upper tail, we can assume that the probability density
function for the utility of the best trip in any zone is g1ven by the differential of
Equation (2).
This distribution is indicated in Figure 3. It is a positively skewed distribution
whose skewness is independent of A, m and n.
The mean is

+ %[ln (n) + 0-577.]

and the standard deviation is
6 =7[/6. 2

As n increases, the distribution remains identical in form, but moves to the right a
distance proportional to In(n), the logarithm to the base ¢ of n.

It may be argued that we do not know the actual number of trip possibilities
represented by any activity which attracts trips. For our purpose it is in fact only
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necessary to assume that the number of trip possibilities n; offered by any zone j is
proportional to 4;, a measure of attraction. /

n; = hd4; )

Hence for trips to zone j . S

' (1) = exp[ —hde ™) ()

We can now calculate the surplus (or net benefit) offered to a trip-maker from
zone ¢ by the optimal trip to zone j. We define this surplus as the difference between
the probabilistic utlllty u (the gross benefit of makmg the trip) and a determinate
trip cost ¢y incurred in making the trip. The cost is of course a “‘generalised cost”
incorporating direct payments, time costs, etc. The surplus s; is therefore given by
sij = u;—cy, and by substitution we can calculate the probability that the surplus
w1ll attain any partlcular value.

o @y(s) = exp[ —hd;e™ ¢ D] (™)
where ®@;(s) is the cumulative distribution function of the surplus accruing from the
preferred (optimal) trip between zones ¢ and j.

Our basic assumption throughout is that a trip-maker will choose the trip from his
origin zone which maximises his personal surplus. The probability that this trip from
zone ¢ will be to zone j is the probability that the highest surplus offered by a trip
possibility in zone j is greater than the highest surplus offered by any other zone.
This probability is given by:

Pr— f " o (o) [n @,,(s)] ' (8)

In non-mathematical terms, this equation states that the probablhty is the sum,
over all values of surplus, of the probability that the surplus resulting from the trip
to zone j has a value in the neighbourhood of s and that the surplus resultmg from a
trip to any other zone is less than s. The limits of integration require some further
explanation. Integration from <o to — co assumes that the trip will always be made,
even if the surplus is negative. In reality, we would expect the trip-maker to decide
not to go at all if the surplus was negative (that is, if the cost exceeded the benefit).
However, provided that the utility of the trip is of a higher order of magnitude than
the cost, and that the cost determines which trip is made rather than whether a trip
is made at all, the probability of the surplus being negative is very low indeed and
we can adopt thc much simpler integral resulting from the use of oo and — o as. the
limits. The case where this approximation is not justified will be discussed later.

Equation (8) can be re-written as

- [ [ses(m(e)] |
pr= [ Gt ))je ©
Differentiating equation (7), we obtain .
¢i(s) = Mid; exp[ —A(s —m +ey) —hdje D] (10)
Substituting equations (7) and (10) into equation (8) and integrating, we obtain
P A,-e""c"f
4 ? A (14)

The substitution and integration are given in Appendix B.
Since the total number of trips originating from zone ¢ is O; the expected number
of trips T;; from zone ¢ to zone j is:
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o P A,-e"k"f (15)
J

This is the customary form of the singly constrained gravity model.

As an interesting aside, we can calculate the total surplus arising from the trips
actually made. The calculation uses methods unfamiliar outside statistics, and is
set out in Appendix C. The total surplus for all trips made is:

1
Sr= 5 B0i[0577 + In (k™ 3 4g™9)] (23)

We are normally only interested in the change in surplus resulting from a change
in trip costs between two situations, 1 and 2. In this case we obtain
(3 4je™i),
A(Sy) = Lsoin | 272 —
Al (JZ.AJ"’ N
This is similar in form to the result derived by Neuberger [3] for the singly
constrained gravicy model.

(24)

THE DOUBLY CONSTRAINED MODEL

The main feature of the singly constrained model is that, although the number of
originating trips is determined a priori, trip ends are not mutually incompatible In
the doubly constrained model, the number of trips ending in any zone is restricted,

and the same trip end is not open to two trip-makers. This doubly constrained model
is appropriate for the analysis of work trips, where total employment in any zone
is fixed.

This model can be readily developed from the singly constrained model. The
method used is not essentially different from, for example, the use of Lagrangean
Multlphers but the slightly extended development clarifies the economic 1nterpreta-
tion of the model.

If there is no constraint on trip ends, there will be some zones in which the number
of unconstrained trip ends will exceed the number of opportunities available. We
assume that under these conditions competition will lead to the opportunities being
taken up by those trips for which the surplus available is greatest. This will occur
either because the utilities of these trip ends are bid down or because the costs are
bid up. In either case we may represent the effect as being the addition of a zonal
cost B; to the cost associated with any trip (normally ¢;), the levels of these additional
costs being such as to restrict demand to the number of opportunities avallable

We then re-write equation (7) as :

®;(s) = exp[ —hd;e et (25)

Substituting in equation (9) and integrating as before, we obtain
: A 8-7\(5,+cu)

P r = 5 Aje—l(ﬁj+cu) (26)
7 .
Aje—)\ﬁj e—?\c,-j

YR @7
i
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T 0:4;e g™
4§ = ZAve_mfe_M‘j (28)

(B; chosen such that 2Ty = 4, for all 7)

Tt is clear that this modcl is identical to the conventional doubly constrained
model, in which

OiAijeh—)‘cij
1= 54D (29)
The multipliers on the zone attractions D are equivalent to the cost factors € i,
The change in surplus resulting from a change in trip costs is given by

(3 4% )
A(Sy) = = z Oiln [( J

(= 4 ), (30)

In order to balance the numbers of trip destinations with the number of origins
over the entire area, some of the B; additional zone costs will be positive (providing
D; multipliers less than one) and some will be negative (providing multipliers
greater than one). It should be noted that this surplus is solely that received by
trip-makers.

THE UNCONSTRAINED MODEL

The unconstrained model is the most difficult of the simple gravity models to define,
since we are attempting to model the conditions under which trip making will be
preferred to other types of economic activity.

The simplest probabilistic assumption would appear to be that a trip will be made
from zone ¢ to zone j if the utility of that trip eéxceeds the cost—that is, if there is a
positive surplus. In this case, using the underlying exponential form:

(I)(S) —_1— e—l(s—m+cii)
Pr(s > 0) = 1—®(o)
— e) e—lcu

If we assume that the total number of trip opportumtles between zones ¢ and j
is proportional to a factor G;in the zone of origin and 4; in the zone of destination,
we obtain an unconstrained model of the form :

Ty = KGidje i - (31)

This is the form suggested by Neuberger [3]. '

The present derivation suggests another form which might repay study. This is a
partially restrained model, in which it is assumed that there exists an upper limit to
the number of trips generated by any zone, but that as trip costs rise some of these
trips are no longer made. _

When integrating equation (8) we took o and — oo as the limits of integration.
The lower value was used because when the distribution of maximal surplus is very
much greater than zero the probability of a negative value of surplus is negligible,
and we can obtain a simple integral form by using these limits. This assumption
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mplies that the primary economic force bringing about trip making is stronger than
those which decide the choice between possible trips. If this is not the case, we
should integrate more precisely between limits of o and O.

This implies that the trip-maker decides not to make even the optimal trip if the
surplus is not positive. Where the utility of the trip is only of the same order as thé
cost, this is an important consideration. Certain social and recreational trips are
likely to come into this category, although trips such as work trips are not.

Integrating equation (8) between the new limits leads to:

Pr— 47 1- ’ e (T e Y
—m{ —eXP[—‘__ (j_,-e )]} T )
7 ,
L[ A ' < s
I'j = G; m {1 — €Xp [ - K?Aje ”]} ‘ V (33)
J . N

where G;is an origin zone generation factor. This unconstrained model has two terms,

the first being of the distributive gravity type, and the second a trip generation term

which is identical for all trips from zone 7. I , o
- Ti=3T;=Gi{l —exp [~ 'I{(%}A,-e““if)]}v N 1))

The trip generation term constrains the total trips made in response o increases
in the cost of trip-making. Hence, if costs rise on particular links, the total number of
trips changes in accordance with the trip generation term, and the distribution of
trips changes in accordance with the gravity trip distribution term.

THE INTERVENING OPPORTUNITIES MODEL
The usual form of the intervening opportunities model is - ' :
: - N T}j — Oi[e—anv_; e—a(rf+nj)] CN , » D (3 5)
where #; is the number of trip opportunities in zone j, and 7 is the total number of
opportunities between zones i and j. Some workers have preferred this model on the
grounds that it can be developed from a defined set of statistical assumptions. Others
have been concerned by the fact that the intervening opportunity model has no
intrinsic cost elements, and in particular does not distinguish between the case where
the subsequent opportunity is marginally more distant and the case where the spatial
separation is much wider (where the next. opportunity is in.the next town,. for
instance).. Guriously, it is possible to derive the intervening opportunities model as a
special case of the gravity model. One can-in fact go a stage further, and derive a
much more flexible model, which might be called the Gamma Function Model, of
which the normal intervening opportunities model is itself a special case.
- We derive these models by assuming a relationship between the cost: of transport
between two points and the number of intervening opportunities. If we assume this
to be of a power form: =

7 = Blal’

then .
. ¢y = B—I/p L plle

e (36)
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and in the singly constrained gravity model we can write:

| T, = Qmexp(=3~" . ") 37
| Smexp(—28 7 . a") (37)
where #; is the number of opportunities in zone ;.

~ Substituting A7 = « we write

Ty

Oinj exp(—an'?
= _]__P(_"_T/T) (38)

Jan exp(—an'?)

Appendix D indicates how this expression can be evaluated, using the properties
of the incomplete gamma function, to obtain

T.=0 [F L2, “(n+”i)1/p] =T[p, “nl/p]]
i i r [ b, 0 Nllp]
'[x,y] represents the incomplete gamma function, which can be considered as a set
of related functions of the second variable, the particular function to be used being
indicated by the first variable, which in this case is p.
If the number of opportunities is directly proportional to the cost, p is equal to one,

and the incomplete gamma function becomes the negative exponential function.
We then obtain

(42)

T,;,-=0,-[

e—om . e——a(n—)-nj)
1 —e™

where N is the total number of opportunities. If we assume M to be large, the usual
form of the intervening opportunities model is obtained.
Ty = O™ — ] (35)
In fact, as Appendix D points out, there are grounds for expecting that the
slightly more complicated model where p is equal to two might provide a description
of trip patterns very similar to that of the gravity model in extended and relatively
homogeneous urban areas. There appears to be no reason to prefer the intervening
opportunities model, since it is really a more limited version of the gravity model
and does not allow for differences in the density of trip attractions.

 PROBABILISTIC TRIP COSTS

So far it has been assumed that, although the utilities (gross benefits) of trips are
random variates, the costs of trip-making are determinate. In practice, of coursg, the
costs vary from one trip-maker to another, depending on such factors as the particular
value placed on time by each, and whether one person’s trip-making involves
additional cost elements not experienced by other members of the population.

Some care is however necessary in the extension of the present approach to the
case of statistically distributed costs, because, although the costs of travel differ
between individuals, the costs of travel to different destinations for a particular
individual are likely to be closely related.

If the costs are independent variates, we must determine the distribution of the
difference between the probabilistic best utility and the probabilistic cost for each
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trip interchange, and then determine the probability of a particular trip being
preferred. This is conceptually straightforward, but it leads to rather intractable
mathematical forms. SR

If the trip costs are related for any individual, the variation between individual
is less important, and the model form is similar to that developed previously. '

The simplest case is that where the trip costs for individuals are distributed about a
mean cost, but the difference between the cost for any one individual and the
population mean cost is identical for all interchanges. A practical example would be
the cost of access to the nearest pick-up point for a public transport mode. We may
not know the random element of additional cost for one individual, but it will be the
same for all destinations. If we write this cost as ¢, the probability of this individual
travelling from i to j can be written: R

: 4 e—l(c,‘ﬁ-s)
J
e—)w: A e—lc;j -
T, 3 Aje M
: v , y ,

The probability of any particular interchange being chosen is unaltered.

A more complicated case is when there is an additional random element propor-
tional to the cost, but this is again constant for any one individual. This may occur
if an element of the cost depends on the value of time, which varies between
individuals. : S

For any one individual we can develop a gravity model of the form

Pr (individual with variate ¢ travelling from 7 — f)

. . Ajg—l(ﬁ','j—!—b'c;j)
= S 40
J

Pr(i—j) =

(48

where Fj; and ¢; are cost elements of the trip zone i to zone J- This probability is a
function of ¢, and for any set of values of zone attractions and trip costs a probability
could be calculated for each value of . Under these conditions, the theory of expecta-
tion indicates that, provided the coefficient of variation of ¢ is not large, the overall
probability for all individuals can be approximated as a gravity model of the same
form, with the mean value of ¢ used in the cost function.

MULTI-MODE DISTRIBUTION MODELS

Readers with experience of the practical problems of forecasting mode choice will
not expect a ready solution to the problem of combining mode and destination
choice into a single model. All that will be attempted is to outline the approach
necessary to obtain consistency between the mode and distribution models, and
indicate the problems which must be faced. ,

‘Mode choice can be considered to be of two forms, free choice and forced choice.
People without cars, for instance, are normally forced to use public transport. In
some circumstances, little error may be caused by assuming that those who have
cars also have a forced choice of mode, since they would rarely opt to use public
transport. Shopping trips in suburban areas may frequently come into this category.
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In this case, we essentially have two separate groups of trip-makers, making indepen-
dent sets of trips which should be modelled by separate gravity models. Provided a
singly constrained model is appropriate for the type of trip, this will cause no
difficulty. If, however, the method is to be used for work trips, which require a
doubly constrained model, it seems appropriate to carry out both calibration and
distribution stages for the two models in parallel, using a common set of multipliers
for the zone attractions. This process models the fact that, although the trip-makers
are choosing trips on the basis of two different sets of trip costs, they are competing
for the same set of trip opportunities.

In the case of those who have freedom of choice between public and private
modes, it is natural in the context of the methods adopted in this paper to use a
mode choice model in which the choice of mode reflects the minimisation of cost by
each individual, in the same way as the preference among trip ends within a zone
reflects the maximisation of utility.

Although the actual model chosen in any case should of course be based on an
analysis of the particular situation, a possible method of approach to the problem
of integrating mode and distribution models can be illustrated by a simple two-mode
model suggested by MacNicholas and Collins [6].

This model assumes that each mode provides transport at a determinate monetary
cost and with a determinate trip time for every zone-to-zone journey, but that
individuals differ in their monetary values of time. In their final formulation,
MacNicholas and Collins assume that the value of time is consistent between modes
for any individual. Each individual then chooses the mode which minimises his total
cost, taking account of both factors. If one mode is less expensive in prime cost but
takes longer than the other, those travellers with low monetary values of time will
take that mode. Figure 4 illustrates the model.

The horizontal probability density function is that of the value of time, the vertical
that of trip cost, given that each individual chooses what is for him the cheaper mode.
The probability of choosing mode 2 can be shown to be F(3) where F is the cumula-
tive distribution function of the value of time, and if Fgy is the standardised normal

where M, and M, are the means of C; and C, respectively. Obviously, if one mode is
better in both prime cost and time on any link, the model predicts it will capture all
the traffic on that link.

In order to determine the likely choice of destination, we can use the distribution
of trip costs for the modes actually chosen, given along the vertical axis of Figure 4,
and consider the two modes as being a single mode with this probabilistic distribu-
tion of cost. The mean cost for this combined mode is in fact lower than the mean
cost for either mode separately. Averaging trip costs across modes would give a very
biassed estimate of the combined mean trip cost. A much better (but still biassed)
estimate would be the lower mean cost of the two. This is a general property of
statistical mode choice models, which assume individuals differ in their tastes, but
given those tastes choose rationally between available alternatives. In this model the
mean cost for the combined mode M is given by
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M¢ = Pr(Mode 1) .¢; + Pr(Mode 2) .cy — (T, — Tl)fsw(8 ; 4 ) (46)

where fgy is the standardised normal probability density function. The probability
of any particular destination being chosen depends on the degree of correlation
between trip costs to different destinations. If we assume that the value of time is
uniform across modes for any individual, it is reasonable to assume it is also uniform
across destinations. This means that the zone-to-zone costs for any individual are
determinate, in the sense that if we know his cost to one destination, we can calculate
the cost to any other destination directly. That is,

«Cy = g[(Fy)r (Fy)2(Tu)1(Ty)2o]

and for each value of « we could build a gravity model of the form
Pr (individual with value of time « travels i — j)

_ A,-e""“c"f

= ? Aje_)\acij
This is a function of «, and expectation theory indicates that, provided the coefficient
of variation of « is not great, the overall probability for all individuals should be

approximately that given by a gravity model with a cost for each interchange equal
to the mean cost of the combined mode, as defined earlier.
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CONCLUSION

This paper has derived a-common form of the basic gravity model from a set of
statistical and micro-economic assumptions, and has attempted to explore some of
the implications of carrying this approach forward into more complicated fields. It
must of course be remembered that statistical models of similar form can sometimes
result from widely differing assumptions. Nevertheless, it is by building models
which combine an acceptable causal basis with empirical success that we are most
likely to move forward from a Ptolemaic to a Newtonian level of understanding of
the demand for travel. It is hoped that this paper is a small step in that direction.

APPENDIX A

The distribution used in this paper is a special case of the Type I Extreme value
distribution. Tt can be shown rigorously (Gumbel [2] or Kendall and Stuart [4])
that for a distribution unlimited in the positive direction, the upper tail of which falls
off in an exponential manner, there exists an asymptotic distribution of largest values
from samples of any given size. That is, if in the upper tail at least
e F(x) = 1 —¢ ™
where g(x) is an increasing function of x
then - - - . . .
O (x) = exp[ —¢ "F'ECTx]
x, is the characteristic largest value of x for a sample of size #, and is given by
a[l —F(x)] =1
It is the value of x which has the expectation of being exceeded once in a sample of
size n.
We assume in this paper that g(x) is linear in «, that is that
Fu) =1 =™
n[1 —F(u;)] = ne™¢e™

U= ;ln(n) +m
F'{ug) = 2
D) = exp[— exp{-en.;l\. (x'—;\ In(n) —m)}]
= exp[ —ne ¢ (2)

as before.

Almost all the commonly occurring distributions used in statistical work belong
to this general type. The linear form assumed here is the simplest member of the
family, and can be considered as an approximation to the others: it is an extremely
good approximation to the tails of the exponential, logistic and extreme value
distributions, though not such a good approximation to the normal and lognormal
distribution tails. It is interesting that it is intermediate in form between the two,
déclining more rapidly than the normal but less rapidly than the lognormal. These
characteristics can be seen by plotting the various distributions on exponential
probability paper. ‘ : o o -
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The linear form has been regarded here as an approximation to this general
class of distributions. It does however seem likely that the generation of a utility
function would involve both additive and multiplicative mechanisms. For this
reason a form somewhere between the two normally based distributions may be a
very suitable choice as a basic distribution. ‘ o

APPENDIX B
The probability of a trip from zone i going to zone j can be derived as follows:

P Y Aj exp[ _)\( s—m-+ Cij) —h Aj e—l(s—m+c,7)]
r =

I exp] —hdie e g (11)

o exp[ —hdje A=)
- f:MAi exp[ s —m +¢5) —h(Z4e7) e g - (12)
= [%%—1 exp| —/z(,zAfe‘“"")e"*"“'”’]]: | (13)
-4 o
APPENDIX C

The cumulative distribution function for the surplus of the trips actually made from
zone ¢ is (in analogy with Equation (1) )
Di(s) = l;I(I)i,-(s)
= exp[ —h (4 N¢mD)] (16)
= exp[—¢ . b, ?Aje_h‘f] (17)
if we substitute
B = hé™, gA,ﬂ“v
2= A
we can write
®;(z2) = exp[ —Be ]
9i(z) = Be* exp[ —Be ] (18)
We now find the mean value of z, using the moment generating function, and the
properties of gamma functions. The method is fully explained in texts such as Kendall

and Stuart [4]. Other references of a less specialised nature, such as Kreyszig [5],
describe the basic method and the properties of gamma functions.

G.(t) = fw ¢“B . e . exp[ —Be?]dz (19)
further substituting -
y = Be~*
6t =B [*5e dy |
_ BT 1 ©(20)
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where T' here represents the complete gamma function.
The mean of the surplus function is given by -

. . [G:(0)]i=o = ¥ +In(B) » (21)
where v is Euler’s constant and is approximately equal to 0-577 [2]. Hence the
mean surplus for any trip from zone i is: ’

5= 1 v+l 4,7)] (22)
and the total surplus for all trips is:
1 Am —Ac;;
| Sr=5 2Oy +in(he "2 4] (23)
Under a change in trip costs from situation 1 to situation 2, the change in surplus
is.given by: B
(Sde™),
(S4e7),

which is similar in form to the result given by Neuburger [3].

Those familiar with the properties of the standardised Type I extreme value
distribution will note that we have merely derived the mean of this distribution with
a transformed variate, since we can write (18) as:

®;(2) = exp[—e ")

A(Sy) = ;go.-zn[ (24)

APPENDIX D
O.-n,- e—oml/p

Ty=So (38)
J

If the size of the zone is small compared with the total area under study, this may
be re-written in continuous form, where N is the total number of opportunities in
the study area.

Oun; exp(—an'’?)

= 739
" (Nexp(—an'®) .dn (39)
substituting
an'? = y o
Bexp(—an'?) . dn = £ ey (40)

o
| ~=§.r(p.a1v"")

where T'(x, y) represents the incomplete gamma function defined as
T(x,9) = [t dt (41)

For the elementary properties of this function see Kreyszig [5].
If we express n; exp (—on'’?) as the difference of two integrals of similar form, we

obtain
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T —0 I[p, a(n+m)'?] — T'[p, an'” (42)
T [ T, o™ ] »

It is interesting to speculate on the circumstances in which an intervening oppor-
tunities model might be expected to provide a very similar result to the gravity
model. :

If, for instance, a large uniform urban area was studied, we should expect oppor-
tunities to be related to distance by

n = Tl:pdijz
and cost to be related to distance by
Cij = K
Here we would find
LY

and a model of the form

I'[2, av/n+n] —T[2, x1/7]
I'[2, « \/ﬁ]

could be expected to provide a model very similar in properties to chat of a gravity
model. '

Ty = 0 (43)
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